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Foreword

As of 2024, this document contains lecture notes from a course given in
Master 2 in Université Paris—Saclay. These are highly incomplete and con-
stantly updated as the lectures are given.

The course proposes a unified presentation of regret minimization for ad-
versarial online learning problems, and its application to various problems
such as Blackwell’s approachability, optimization algorithms (GD, Nesterov,
SGD, AdaGrad), variational inequalities with monotone operators (Extra-
gradient, Mirror-Prox, Dual Extrapolation), fixed-point iterations (Krasnoselskii—
Mann), and games. The presentation aims at being modular, so that intro-
duced tools and techniques could easily be used to define and analyze new
algorithms.

The central notion of this presentation is the regret, which will be ana-
lyzed using the Legendre—Fenchel transform and Bregman divergences. An
excellent recent monograph on the topic of online learning is the following:

e Francesco Orabona. A modern introduction to online learning. arXiv:1912.13213,
2023.

Additional notable references on the topic include:

e H. Brendan McMahan. A survey of algorithms and analysis for adap-
tive online learning. The Journal of Machine Learning Research, 18(1):3117—
3166, 2017,

e Elad Hazan. Introduction to online convex optimization. Foundations
and Trends® in Optimization, 2(3-4):157-325, 2016,

o Shai Shalev-Shwartz. Online learning and online convex optimization.
Foundations and Trends in Machine Learning, 4(2):107-194, 2011,

e Sébastien Bubeck. Introduction to Online Optimization: Lecture Notes.
Princeton University, 2011,

e Nicolo Cesa-Bianchi and Gébor Lugosi. Prediction, Learning, and
Games. Cambridge University Press, 2006.

Regarding convex analysis, we refer to the following classical book:
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e R. Tyrrell Rockafellar. Convex Analysis. Princeton University Press,
1970.
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Chapter 1

Convexity tools

We present the basic convexity notions and tools that will be used in the
subsequent chapters. Most of them are classical and are given without proof.

1.1 Preliminaries

Let d > 1. Throughout the chapter, we consider Euclidean space RY
equipped with its canonical inner product denoted (-, -). For a set A C R,
int A and cl A denote its interior and closure, respectively.

Definition 1.1.1 (Domain of a function). The domain of a function f :
R — R U {+o0} is the set

dom f = {x eR? f(z) < +oo}.

f is said to be proper if its domain is nonempty.

Definition 1.1.2 (Dual norm). Let |- || be a norm in R%. Its dual norm is
defined as
= max (Y, T e R%.
lyll. fax (y,z), v
Remark 1.1.3. The above maximum is indeed attained because for a given
y € R?, function = — (y, ) is continuous on the closed unit ball, which is
compact. Besides, one can check that the dual norm is indeed a norm.

Proposition 1.1.4. Let ||-|| be a norm in R%. Then, |||, = ||

Example 1.1.5 (Common dual norms). In R%, 45 is its own dual norm, ¢,
and ¢, (with p,¢ > 1 such that 1/p+ 1/q = 1) are dual of each other, and
{1 and {, are dual of each other. If A is a positive definite matrix, the dual
norm of the associated Mahalanobis norm x — /(x, Az) is the Mahalanobis
norm associated with A=1.
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Remark 1.1.6. It follows from the definition of the dual norm that for all
z,y € R (y,x) < |lyll, ||zl|, which, together with the above examples re-
covers Cauchy-Schwarz and Holder’s inequalities.

For a function f : R — RU{+oc0} and z € int dom f, if f is differentiable
in z (resp. twice differentiable), we denote V f(z) its gradient at x (resp.
V2f(z) its Hessian matrix at z).

1.2 Convexity

Definition 1.2.1. A set X C R? is convex if for all z,2’ € X and A € [0, 1],
Az + (1= N’ € X.

Example 1.2.2 (Unit balls). For all norms, as an immediate consequence
of the triangle inequality, the unit ball is convex.

Example 1.2.3 (Simplex). Denote Ay the simplex in R%:
d
Ad—{xERd, Zwi—l},
i=1

which is a closed convex set. Note that it is contained in a hyperplane and
therefore has empty interior.

Proposition 1.2.4 (Euclidean projection on a closed convex set). Let X C
R? be a closed convex set and x € RY. Then, the Euclidean projection of x
onto X exists an is unique. In other words, x’ — ||’ — x||g admits a unique
minimaizer on X.

Definition 1.2.5 (Convex functions). A function f : R? — R U {+oo} is
convez if for all z, 2/ € R? and X € [0, 1],

FO + (1= N)a") SAf(2) + (1= A f(2).
f is strictly convex if the above inequality is strict for A € (0,1).

Remark 1.2.6. The convexity of a function f is closely related to the con-
vexity of sets, as the former can be equivalently defined as the epigraph

epi f = {(a,x) ERIXR, a> f(x)}

being convex.

Example 1.2.7. The following functions are convex: linear functions, quadratic

functions of the form = — (z, Az) where A is a positive semi-definite ma-
trix, the exponential, the negative logarithm, convex combinations of convex
functions, the point-wise supremum of convex functions. Let || - || be a norm
in R? and a > 1. Function z + ||z||* is convex.
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Proposition 1.2.8 (Jensen’s inequality). Let f : R? — R U {400} be a
convex function, and X a random variable with values in dom f so that
E [X] exists. Then, [ is measurable, E[f(X)] exists in RU {+o0} and

FEX]) <E[fX)].

In particular, forn > 1, z1,...,2, € R" and A\i,..., A\, = 0 such that
M4+ A >0,

Doici Niwi\ _ ey Aif (i)
Zi:l Ai Zi:l Ai
Proposition 1.2.9 (First and second order characterizations of convexity).
Let f : R4 = RU {400} a function with open domain.
(i) If f is differentiable on its domain, f is convex if, and only if, for all
z,7’ € dom f,
f@') = f(a) +(Vf(x),a" — ).
(ii) If f is twice differentiable on its domain, f is convex if, and only if,
for all x € dom f, V2 f(x) is positive semi-definite.

Proposition 1.2.10. Let X C R¢ be a nonempty convez set, and f : R —
RU{+o00} be a convex function, differentiable on an open set containing X .
Then, x. € X is a minimizer of f on X if, and only if,

Vee X, (Vf(xy),x —xy) > 0.

Definition 1.2.11 (Lower semicontinuity). A function f : R? — RU{+oc}
is lower semicontinuous if for all @ € R¢, the set {iL‘ c R f(z) < a} is
closed.

Example 1.2.12. Let X C R? be a convex set. The convex indicator of X
is the convex function defined as

0 fzeX
IX($)={

400 otherwise,

which is lower semicontinuous if, and only if X is closed.

Example 1.2.13 (Negative entropy on the simplex). The function heyy :
RY — R U {+o0} defined as

2?21 xilogx; ifxe Ay
hent(7) = .
400 otherwise,

with convention Olog0 = 0, is a lower semicontinuous convex function. It
will also be called the entropic regularizer.

Proposition 1.2.14. Let f : R? = RU {+o0} be a proper lower semicon-
tinuous function and Xy C R% a compact set such that dom f N Xy # @.
Then, f attains a minimum on Xj.
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1.3 Subgradients

Definition 1.3.1 (Subgradients). Let f : R? — RU {4+oc} and z,y € R%
y is a subgradient of f at x if for all 2/ € RY,

f@) = f@)+ (g2’ - z).

The set of all subgradients of f at x is called the subdifferential of f at x
and is denoted as df(x).

Example 1.3.2 (Absolute value). For f : x — |z| defined on R, the subd-
ifferential is given by

{-1} ifz<0
Of(x)=1<10,1] ifx=0
{1} ifz>0.

Proposition 1.3.3. Let f : R — RU {4+o00}. A point z, € R? is a global
minimizer of f if, and only if 0 € Of ().

Proof. x, being a global minimizer can be written
Ve eRY, f(x) = fla.) + (0,2 —z.),
in other words 0 € 0f(z+). O

Proposition 1.3.4. Let f : RY — R U {+oo} be a conver function and
x € intdom f. f is differentiable in x if, and only if, Of(x) is a singleton.
When this is the case, Of (x) = {V f(z)}.

Remark 1.3.5. Even in the case of a point in the domain of a convex function,
the subdifferential may be empty. Consider for instance f: R — RU {400}

defined as:
—/z x>0
flay={ V"
400 ifz <O,

which is a proper lower semicontinuous convex function. 0 belongs to the
domain of f and yet, 0f(0) = @.

Proposition 1.3.6 (see e.g. Theorem 23.4 in [Roc70]). Let f : R4 — R U
{+o0} be a proper convex function. If x & dom f(x), then 0f(z) = @ and
if v € intdom f, then Of(x) # @.

Proposition 1.3.7. Let f : R — RU {400} be a proper convex function,
|- |l @ norm on R, and L > 0. Then, f is L-Lipschitz in intdom f with
respect to || - || if, and only if:

Vz € intdom f, Yy € 0f(x), |ly||, <L.
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1.4 Legendre—Fenchel transform

Definition 1.4.1. Let f : R — R U {400} be a proper function. The
Legendre—Fenchel transform (or convex conjugate) of f is a function f* :
RY — R U {+o0} defined as

fly) = Su@{@’x) ~ f(2)}, yeR™

Remark 1.4.2. In the above definition, for a given y € R% because f is
assumed proper, quantity (y,z) — f(z) is not —oo for at least some point
x € R?, and therefore, the supremum is indeed a value in R U {+oc0}.

Remark 1.4.3 (Fenchel’s inequality). It follows from the above definition
that for all x,y € RY, (y,z) < f(z) + f*(y).

The above definition is somewhat abstract, and it may be insightful to
informally examine a simple example in dimension 1 by decomposing the
transformation into simpler steps. Consider f(z) = %(z — b)? for some
a,b # 0, which is a differentiable convex function with finite values on R.
Its derivative is given by f’'(z) = a(z — b), which is (strictly) increasing (as
would be the case as soon as f is differentiable and strictly convex), and is
a bijection from its domain to its range (from R to R in this case). Then,
the inverse (f’)~! is also an increasing function: (f')~!(y) = y/a +b. We
then consider the following primitive function:

zeR

F(y) = /0 ") - minf(2), yeR,

which can be proved to be an alternative definition of the Legendre—Fenchel
transform in this special case (although the proof is somewhat involved).
As the primitive of an increasing function, f* is also convex. Because of
the inverse relation between the derivatives, this transformation f +— f* is
involutional up a constant: f** = f + a, (a € R). Then, it can be proved
that a = 0, which can also be noticed graphically. An intuition that appears
in this example is that the more f is curved, the less f* is so, and vice-
versa. The derivatives being inverses of each other can be interpreted as
follows: f has slope y at point x if, and only if, f* has slope x at point
y. In higher dimension, this builds on the usual duality between points
and hyperplanes. The Legendre—Fenchel transform indeed generalizes the
above to higher dimensions, and for nondifferentiable functions. The neatest
properties of e.g. Propositions 1.4.5 and 1.4.6 below are obtained for the class
of proper lower semicontinuous convex functions. The derivative, which is a
function, is then replaced by the subdifferential, which is a correspondence.

Proposition 1.4.4. If f : R — RU {400} is a proper function, f* is lower
semicontinuous and conver.
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Theorem 1.4.5 (Fenchel-Moreau). Let f : R? — R U {+o00} be a proper
function. Then, f is lower semicontinuous and convex if, and only if f =
. In this case, f* is proper.

Proposition 1.4.6. Let f : R¢ — RU{+o0} be a proper lower semicontinu-
ous convex function and x,y € R%. The following statements are equivalent:

(i) x € 0f*(y),

(ii) y € Of (z),

(iti) (y,z) = f(x) + f*(y),

(iv) x € Argmax,cga {(y,2') — f(2')},
(v) y € Argmax,cga {(y',x) — f*(y/)}.

Example 1.4.7 (Norms and squared norms). Let || - || be a norm in R? and
denote B its closed unit ball. Then, Ig is then a proper lower semicontinuous
convex function and I}, = || - ||,. Therefore, the involutional property of the
Legendre-Fenchel transform is an extension of the involutional property for
dual norms. Besides, if f: 2+~ 1 |||?, then for y € R%, f*(y) = : ]2

1.5 Bregman divergences

We now define a large class of similarity measures in R% called Bregman
divergences, which in general are not distances because they may fail to be
symmetric. They contain the squared Euclidean norm and the Kullback—
Leibler divergence as special cases. Bregman divergences are used as an
alternative geometry to the Euclidean one when it comes to e.g. defining
and analyzing iterative algorithms. We present the classical definition which
involves a gradient.

Definition 1.5.1. Let X C R?, f: X - R, z € intX and 2/ € X such
that f is differentiable in z. Then, the Bregman divergence from x to z’ is
defined as

Dy(al,2) = f(&') — f(2) = (Vf(x).a — ).

Remark 1.5.2. Dy¢(x, ') is the remainder of the first order Taylor’s expansion
from x to 2/, and is a measure of the curvature of f between those two points.
The Bregman divergence is nonnegative as soon as f is convex. In the case
of a linear function f, the Bregman divergence is zero, which corresponds
to the linear function having no curvature.

The above definition which requires the differentiability at starting point
x is the most common. For our purposes however, we also consider the
following generalization (proposed in [JKM23]) which involves a subgradient
instead of a gradient.
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Definition 1.5.3 (Generalized Bregman divergences). Let f : R — R U
{+00} be a function, z,2’,y € R? such that x € dom f and y € df(z). The
Bregman divergence from x to 2’ with subgradient y is then defined as

Dy(a',2; y) = f(a') = f(z) — (y,2' —x).
Remark 1.5.4. The above generalized Bregman divergence may not exist
even when x belongs to the domain of f, as the subdifferential may be
empty. When it exists, because x € dom f, it belongs to R U {+o0} and is
nonnegative when f is convex. When f is convex and differentiable at point

x, the only subgradient at x is V f(z) according to Proposition 1.3.4, and
the two previous definitions coincide.

Proposition 1.5.5. Let f : R? — RU{+0o0} be a proper lower semicontinu-
ous convex function and z,x',y,y € R such thaty € 0f(z) andy’ € Of (x').
Then,

Dy(a',z; y) = Dy« (y,y/; 2).
Proof.

Dy(a',z; y) — Dy=(y, 95 o') = f(2') — f(z) — (y, 2’ — x)
— W)+ W)+ @y —"y)
=2 y) —(x,y) — (g, 2" —2) + (', y — /)
-0,

where for the second equality, we applied Fenchel’s identity from property
(iii) in Proposition 1.4.6. O

Example 1.5.6 (Squared Euclidean norm). Consider the squared Euclidean
norm Hy : z + 3 |||, which is differentiable in R?. Then for all z,2’ € R?,
DHQ(x/?x) = % H(L'/ - l‘”;

Example 1.5.7 (Squared Mahalanobis norm). Let A be a symmetric pos-
itive definite matrix of size d. Consider the squared Mahalanobis norm
Hp:z— i ||x||?4, which is differentiable in R?. Then for all z,2’ € RY,
Dy, («',x) = § |l — =%

1.6 Strong convexity and smoothness

We now introduce strongly convexity and smoothness which intuitively cor-
respond to the curvature of a function being respectively bounded from
below (by a positive number), and bounded from above in absolute value.

Definition 1.6.1 (Strong convexity). Let f : R? — RU{+o0}, || -|| a norm
in R? and K > 0. f is K-strongly conver with respect to | -|| if for all
z,2’ € R and X € [0, 1],

KX1-))

) !

JOz+ 1 =N2") < Af(z)+ (1= N)f(a) -
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Definition 1.6.2 (Smoothness). Let f : R — R be a differentiable func-
tion, || - || a norm in R? and L > 0. f is L-smooth with respect to | - | if for
all 7,2’ € R, |Dy(a’,2)| < & ||/ — z||%, in other words,

L 2
(@) = f(2) = (Vf(2),2' —2)| < 5 ||« = ="
Remark 1.6.3. If f is convex, the above definition reduces to Df(z',z) <
5 lla’ — |3 (2" € RY).

Proposition 1.6.4 (Duality between strong convexity and smoothness).
Let f: R4 - RU {+o0} be a proper, lower semicontinuous conver function,
|- || @ norm in R? and K > 0. The following statements are equivalent.

(i) f is K-strongly convex with respect to || - ||.

(ii) For all z,2',y € R? such that y € Of(z), Dy(2',z; y) > & |2’ — z||?,
in other words

K

F@) 2 @)+ (o' =) + 5 [|o’ = a||”.

(iii) For all x,2',y,y € R? such that y € Of(z) and y' € df(z'),
2
W —ya' —a) 2 K||2" — "
(iv) For all x,x',y,y € R? such that y € Of (x) and y' € df(a'),
1 2
I V< =l — '
(¢ —ya' =) < v = vll)

(U) For allm,x”%y/ c ]Rd such thaty c af($) andy’ c af(ml), Df(ﬂfl,l‘; y) <
ﬁ lly" — sz, in other words

Fla) < Fla) + (o’ — )+ gz I ol

(vi) f* is differentiable on R and 1/K -smooth with respect to || - ||,

Corollary 1.6.5. Let K >0, ||-|| a norm on R? and f : R? — R U {+oc}
a proper lower semicontinuous function which we assume K -strongly convex
with respect to || -||. Then, for all y,y' € RY,

/ 1 / 2
D+ (v, 9) < 53z v = I,

Proposition 1.6.6 (Second order characterization of strong convexity). Let
f:R% = R be a twice differentiable function, | - | a norm in R¢ and K > 0.
Then, f is K-strongly convex with respect to || - || if, and only if,

Vo € RY Yu e RY, (u, V2f(z)u) > K ||ul*.



Strong convexity and smoothness 13

Proposition 1.6.7 (First and second order characterizations of smooth-
ness). Let f : R* — R be a differentiable function, ||| a norm in R% and
L>0.

(i) f is L-smooth if, and only if, V f is L-Lipschitz with respect to || - ||.

(i) Moreover, if f is twice differentiable, f is L-smooth with respect to || - ||
if, and only if,

Vz € RY, Yu € RY, |(u, V2 f(z)u)| < L lJul)?.
Corollary 1.6.8. The squared Euclidean norm hy :  — 3 ][5 is 1-strongly
convex and 1-smooth with respect to || - ||,.

Corollary 1.6.9. Let A be a symmetric positive definite matrix of size d.
The associatd squared Mahalanobis norm x v+ % ||| is 1-strongly convex
and 1-smooth for || - || 4.

Proposition 1.6.10. For p € (1,2), the squared £, norm hy, : © + 3 ||x|]12g
is (p — 1)-strongly convex with respect to £,.

Proposition 1.6.11. The negative entropy hep: is 1-strongly convex with
respect to 1.

Proposition 1.6.12. A proper lower semicontinuous strongly convex func-
tion f: RY — R U {+oo} admits a unique minimizer on RZ.



Chapter 2

UMD theory

Throughout the chapter, X' is a nonempty closed convex set of R%.

2.1 Introduction

The goal of this chapter is to introduce a general scheme for defining a
sequence of iterates (z¢);>0 in X based on another sequence (u;)¢=o in R?,
where for each t > 0, vector wu; is used in the update from x; to x44 1. General
properties are then established. All algorithms and guarantees from the
following chapters will be derived using this general approach, called UMD
for unified mirror descent. To get some taste and intuition, we first examine
a few simple special cases before presenting our general theory.
The simplest update is given by

Typ1 =xp +uy, t=0,

and is already of great interest, as it contains as special cases gradient de-
scent (where u; = —vV f(x¢) is then a step in the opposite direction of the
gradient of some objective function), as well as its stochastic counterpart
(SGD). Such a sequence satisfies the following elementary result.

Proposition 2.1.1. For allt > 0 and = € RY,

1 2 2 1 2
(ug, v — x4) = 5 |z — 25 — 5 |2 — 21|35 + 3 ][5 -

2

Consequently, for all T > 0,

T T

1 2 1 2, 1 2

S Gz =) = 5 e = wolld — 5 e = zraal+ 5 - w3

t=0 t=0
Proof. Let t > 1. Using the definition of x4 1,

lzer — zll3 = [l +ue — 23 = o — 23 + 2 (ue, 2 — ) + udl3,

and the result follows. O

14
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For instance, the classical convergence guarantees about (stochastic) gra-
dient descent in various settings, are consequences of the above identity. The
quantity Ztho (ug, x — x¢) is called the regret, but the corresponding inter-
pretation will be presented in the next chapter only. Some intuition about
the above can be obtained through a continuous-time counterpart:

if
S

. d (1 - .
= uy, then 7 <2 |z — a:t||§> = (U, Ty — x) .

Therefore, going back to discrete-time, one can interpret the difference

1 2 1 2
ol = @il = 5 lle = waal

as a discrete-time derivative, and the term 1 |[ug||3—which does not appear
in continuous-time—as a discretization error.
. 1 2 . . .
The quantity 5 ||z — 2||5 also appears in the following alternative ex-
pression which will inspire generalizations.

Proposition 2.1.2. Fort > 0, 441 = x¢ + u if, and only if,

. 1 2
Tep1 = argmin § — (ug, ) + B |2 — 2|3 ¢ -
zeRd
The above expression is an incremental point of view, in the sense that
the next iterate x;, 1 is written as a function of previous iterate x; and vector
uz only. Another equivalent formulation is the cumulative one:

t

Ti+1 = 2o + E Usg,
s=0

where the next iterate x;41 is only a function of the sum of the previous
vectors us (1 < s < t) (plus the initial point zg). These two points of view
will yield different extensions below.

We now turn to a constrained setting were we need the iterates to all
lie in a given nonempty closed convex set X C RZ. Then, the definition of
the iterates can be adapted by adding a projection step onto X with respect
to the Euclidean distance. The projected gradient descent algorithm is a
special case. Then, the iterates satisfy the following regret bound, where the
comparison point x must lie in X.

Proposition 2.1.3. Fort > 0, z441 = argmingy ||a; + u —ng if, and
only if,
: 1 2
Tpp1 = argmin { — (ug, ) + 3 lz — 25 ¢ -
reX
In that case, for all x € X,

1 1
(ug, © — 24) < 3 lz — el — = |z =z )3 + 3 e -

2



Introduction 16

Another possibility for constraining the iterates in X is the following,
where the vector u; is not added to the current iterate z; as above, but to
the point before the projection onto X.

Proposition 2.1.4. If (x¢)i>0 and (yi)i=0 satisfy

WV
o

Y1 =Yt +ur  and x411 = argmin ||y — $||§ , t
reX

then for allt > 0,

1 2 1 2 1 2

(u, 0 —24) = Sl —@elly = 5 llo = zerally + 5 lluelz
We now go back to the unconstrained case (X = R?) and consider the
following generalization.
Proposition 2.1.5. For a positive definite matric A € R and t > 0,
21 = ¢ + A7 g if, and only if
: 1 2
Typ1 = argmin ¢ — (ug, =) + B |z — 2|5 ¢ -
rER

In that case, for all x € RY,

1

1 2 1 2 2
(ug, z — x¢) = ) |z — xt”A D) |z — l“t+1||A + ) HutHA*l )

where 2], = /(& Az) and [ly] ;-1 = /{9, A" 7g).

The last example considers the simplex X = Ay, and appears at first
sight to be quite different from the above.

Proposition 2.1.6. If fort > 0,

_ ( Tyi exp (ur;) )
Ti41 = d ’
2 j=1 g exp (ug) )y

then for all x € Ay,

d
(ug, z — x) = KL(, 2¢) — KL(%, 244¢) + log (Z Ty exp (Ug;) — <Ut71’t>> )
i=1

where KL(z',x) = % ! log(x}/x;) denotes the Kullback-Leibler diver-
gence.
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2.2 Regularizers

Definition 2.2.1. A function h : R? — RU{+occ} is an pre-regularizer on X
if it is strictly convex, lower semicontinuous, and if cldom h = X. Moreover,
if dom h* = R%, then h is said to be an reqularizer on X.

Remark 2.2.2. A regularizer is proper (because X’ is nonempty), convex, and
lower semicontinuous. In particular, Proposition 1.4.6 applies.

The following proposition gives several sufficient conditions for the con-
dition dom h* = R% to be satisfied.

Proposition 2.2.3. Let h be an pre-reqularizer on X.

(i) If X is compact, then h is a reqularizer on X.

(ii) If h is differentiable on Dy, := int dom h and Vh(Dy) = RY, then h is
a reqularizer on X .

(7ii) If h is strongly convex, then h is a regularizer on X.

Proof. Let y € R?. For each of the three assumptions, let us prove that
h*(y) is finite. This will prove that dom h* = RY,

(i) Because cldom h = X by definition of a pre-regularizer, we have:

h(y) = sup {{y,z) — h(z)} = sup {{y, z) — h(z)} .
zeR? zEX

Besides, the function = — (y,x) — h(z) is upper semicontinuous and

therefore, according to Proposition 1.2.14, attains a maximum on X

because X is assumed to be compact. Therefore h*(y) < 4o0.

(ii) Because VA(Dy) = R? by assumption, there exists x € Dj, such that
Vh(z) = y. Then, by Proposition 1.4.6, h*(y) = (y,z) — h(z) < +o0.

(iii) The function x — (y,x) — h(x) is the opposite of a strongly convex
lower semicontinous function on R? and therefore admits a maximum
by Proposition 1.6.12. Therefore, h*(y) < +o0.

O]

Proposition 2.2.4 (Differentiability of h*). Let h be a regularizer on X.
Then, h* is differentiable on RY, Vh* takes values in domh C X, and

Vh*(y) = argmax {(y,x) — h(z)}.
z€ER?

Proof. Let y € R% Because domh* = R? the subdifferential Oh*(y) is

nonempty by Proposition 1.3.6, Oh*(y) is the set of maximizers of func-

tion = — (y,z) — h(x), which is strictly concave. Therefore, the maximizer

belongs to dom h, is unique, and thus h* is differentiable at y by Proposi-

tion 1.3.4. ]
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Proposition 2.2.5 (Euclidean regularizer). The Euclidean regularizer on
X, defined as

1
ha(z) = 2 lall; + Lx(z), @ €RY,

1s a reqularizer on X and Vh* is the Euclidean projection onto X, in other
words:

Vhs(y) = argmin ||y — z|| .
reX

In particular, in the unconstrained case X = RY, Vhi(y) =y forally € R,
Proof. O
Proposition 2.2.6 (Entropic regularizer). The entropic regularizer

d .
hent(ﬂj) _ {Ez_l Tilogx Zf':E € d

400 otherwise,

s a reqularizer on Agq and

* exXp \Vi
Vhent(y) = ( d ( ) ) , Y€ R,
> =1 ¢xp (y;) 1<i<d

Proof. O

2.3 UMD iterates

Definition 2.3.1. Let h be a regularizer on X’ and (u;)¢=0 a sequence in R?.
A sequence ((z¢,y¢))s=0 in R x R? is a sequence of UMD iterates associated
with regularizer h and dual increments (ut)¢>q if for all ¢ > 0,

(i) ye € Oh(xy),
(11) T4l = Vh*(yt + Ut).

Remark 2.3.2. By Proposition 1.4.6, property (ii) is equivalent to y; + u; €
ah(l‘prl).

Remark 2.3.3. For each t > 0, z; € domh C X, because otherwise Oh(z;)
would be empty by Proposition 1.3.6 and could not contain ;.

Definition 2.3.4. Let h be a regularizer on X and (ut):>0 a sequence in
RY. A sequence ((z¢,9:))e=0 in R x R? is a sequence of strict UMD iterates
associated with h and (u;)¢>o if for all ¢ > 0,

(D) yt € Oh(zy),

(IT) Ve € X, (yr + ut — yr41|z — x141) < 0.
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Proposition 2.3.5. Let ((x,y:))i=0 be a sequence of strict UMD iter-
ates defined as above. Then for allt > 0, 41 = Vh*(yr + w) and thus
((x¢,yt))e=0 are UMD iterates.

Proof. Let t > 0 and let us equivalently prove that y; + u; € Oh(x441). Let
r € R If x & domh,

+00 = h(x) = h(@e11) 2 (Y + wt, & — Te41) -
If 2 € dom h, using assumption (IT) and the fact that y;41 € h(xi41),

h(z) — h(xi41) 2 (Yeg1, 0 — 2eq1) = (Yo + ug, & — Typ1)

Therefore, y; + uy € Oh(x441), in other words z441 = VA* (yr + uy). O
Example 2.3.6 (Euclidean regularizer). Denote Iy the Euclidean projec-
tion onto X' and consider the Euclidean regularizer on X: h = 3 |- |5 + Iy
and zo € R%.

o Ifxyp =1lx(xy+ uy) for all ¢ > 0, then ((x4, z¢))t>0 can be proved to
be a sequence of strict UMD iterates.

o Ifyrv1 =yt +ur and x4 = Uy (ypq1) for all £ > 0, then ((x¢, y¢))e=0
can also be proved to be a sequence of strict UMD iterates.

Remark 2.3.7 (Non-unicity of strict UMD iterates). As already seen in the
above example, an interesting character of (strict) UMD iterates is that
for a given sequence (u;)¢>1 of dual increments and initial points (xg,yo)
such that yo € Oh(zg), there may be several possible strict UMD iterates.
Here is a simple and explicit example. Consider d = 1, X = [0, 1], h(x) =
322+ Ix (), (zo,y0) = (1,1) and uy = (—1)* for ¢t > 0. Then, one can verify
that ((1, %ﬁly))@g is a strict UMD sequence, and so is ((x¢, y¢))i=0 where
xt:yt:wfortEL

Remark 2.3.8 (Existence of strict UMD iterates). As soon as regularizer h
and sequence of dual increments (u);>o are given, we can see that associated
strict UMD iterates always exist. Indeed, from the definition of a regularizer,
domh* = R? and thus one can choose any yg € R% and consider z¢ :=
Vh*(yo), which satisfies yg € Oh(xg). Then, for ¢ > 0, one can consider
Yt+1 = Yt + uy which indeed satisfies variational condition (II), and then
define z¢41 := Vh*(ys4+1), which ensures y; 1 = Oh(x41), as required by (i).
Remark 2.3.9 (Alternative notation for strict UMD iterates). For a given
regularizer h, let II, : R® = X x R? be a set-valued mapping defined as
follows. For yo € RY, II;, (o) is the set of couples (z,y) satisfying

x=Vh*(y), y€Oh(x), and Va' € X, (yo—y,2’ —z)<O0.

Then, one can verify that ((x¢,yt))i=0 is a strict UMD sequence associated
with h and given sequence (u¢);> if, and only if, yo € Oh(z() and

(g1, Y1) € Mp(ye +ug), t=>0.
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2.4 Regret bounds

Lemma 2.4.1 (UMD lemma). Let h be a regularizer on X, (u)i>0 a se-
quence in R, and ((x¢,y1))i=0 a sequence of UMD iterates associated with
reqularizer h and dual increments (ut)i>0 and x € dom h. Consider notation

Dy = Dp(z, 25 yt), Dj = Di(weq1, 265 yt), Dj = Dpe(ystus; ye), t=0.
(i) Then for allt > 1,
(ut, © — xp41) = Dy — Dyr — Dy + (ye + up — Y1, 0 — Tp41)
and

(ug,* — x¢) = Dy — Dyy1 + Dy + (Y +up — Y41, T — Tpy1) -

(ii) Moreover, ((x¢,yt))e=0 are strict UMD iterates, then for all t > 0,
(ut, © = w¢11) < Dy — Dyy1 — D,

and
<Ut,l‘ - .%‘t> < Dt - Dt+1 + Dzk

(iii) Besides, if h is K-strongly convex with respect to some norm || -|| and
some K > 0, then for allt > 0,

1 2
Df < — )
R

Proof. The first identity from (i) can be verified by writing explicitly the
difference between both sides and simplifying. The second identity follows
from noticing that for all ¢t > 0,

(ug, 441 — ) = Dy + Dp(we, 24415 ye +we) = Dy + Dy,

where the second equality comes from Proposition 1.5.5; and adding to the
first equality. Equalities in (ii) are an immediate consequence of (i). iii
follows from Proposition (1.6.4). O

2.5 Time-dependent regularizers

Definition 2.5.1. Let (h¢),.1y be a sequence of regularizers and (ug)¢>0 a
2

sequence in R%. An associated sequence ((z¢,v:))t=0 in R? x R? of UMD
iterates satisfy for all t € N,

(1) Yt € 8ht($t),
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(il) o1 = VA7 o (e + w).

Lemma 2.5.2 (UMD lemma with time-dependent regularizers). Let (h¢),c1y
2

be a sequence of reqularizers, (us)¢=o a sequence in R, (x4, y¢))s>1 associated
UMD iterates, and x € ﬂtG;N dom hy. For each t € N, consider notation
2

e D = Dht(l'yxt; yt);
o Di=hprp(@e1) — ha(@e) — (Y, 21 — 20),
o« Df =hy oy +ue) = hi(ye) = (ug, ),

o For z' € domhy (resp. domhyiy/s), Ahy(x') = hyyq/o(2) — hy(z')
(resp. Ahyy1yo(2") = hiy1(2') — hygr2(2')),

« Dy gy = Dhygayp(n) = Ay o) = Yer1 — Yo — uz, @ — Tepa).
(i) Then for allt € N,
(ug, @ = 141) = Dy = Dysr = Dy + Dy jp + Dby (),

and
(ut, X — LUt> =D; — Dt+1 + Dz( + Dﬁ-l/2 + Aht(x)

(7i) If Ahy =0 for a given t € N, then

(ut, @ — x441) = Dy = Dy1 — Dy + Dy o,

and

(ug, * —wy) = Dy — Dyy1 + Dy + DtA—i—1/2'

(ii) If Ahyy1/o = 0 and (Yrr1 — Yt — u, © — Te41) = 0 for a given t € N,
then
(ut,x — T441) < Dy — Dy1 — Dy + hyya(x) — hy(z),

and
(ug,x — x4) < Dy — Dyg1 + Di + hyp1(z) — he().

(iv) If for a givent € N, hyyy/9 > hy and hy is Ki-strongly convex with
respect to some norm || - || and some K; > 0, then

1
Df < —— 2
S5 eI
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Proof. The first equality in (i) can be proved by merely simplifying. For the
second inequality, we notice that

(ut, ot — w41) = Dy + he(2e) = hyyryo(@ee1) = (Yo + wp, T — Te41)
= Di+ (Yt xe) — hi (ye) — (ye + ue, @er1) + By o (ye + ue)

— (Y + ug, T — Tp41)
= D} + Df,

where for the second equality, we used Fenchel’s identity from Proposi-
tion 1.4.6. Adding the above to the first equality give the second equality
in (i). Then, (ii) and (iii) are easy consequences.

Let us prove (iv). The assumption Ay, /5 > ht and the definition of the

Legendre—Fenchel transform immediately implies h} 12 < hf. Therefore,

* * * 1
Dy = ht+1/2(yt +ue) = hy (ye) = (ue, 2) < Das (ye + ue, ye) < 2K, HUtHz

O]



Chapter 3

Online linear optimization

This chapter first presents the topic of regret minimization in sequential
decision problems and then makes the connection with online learning and
optimization through the frameworks of online linear optimization and on-
line convex optimization. Several important families of algorithms (dual
averaging, mirror descent, follow the regularized leader) are introduced and
analyzed using UMD theory from Chapter 2.

Throughout the chapter, X is a nonempty closed convex set, and Ily
denotes the Euclidean projection onto X. For a function f : R? — RU{+oc0},
we denote Dy = int dom f.

3.1 Introduction to regret minimization

Let us first consider a simple sequential decision problem where the Decision
Maker chooses its actions in the finite set {1,...,d}, possibly at random.
At step t > 0,

e the Decision Maker chooses x; € Ay,
o Nature chooses and reveals payoff vector u; € [0, 1]d,

o 4 is a random element in {1,...,d} drawn according to distribution
x; and revealed to the Decision Maker,

 the Decision Maker obtains payoff w; ;, .

The choice of x; by the Decision Maker may depend on all past informa-

tion known to him, meaning (zg,ug, %0, ..., Tt—1,Ut—1,%—1). Similarly, the
choice of u; by Nature may depend on all past information including x;:
(Q’jo’ uo, i07 ceey Lp—1, Ut—1, /I:tfl7 xt)'

In a restrictive variant of this problem, called multi-armed bandit and
which will be considered later, the decision maker only observes the actually
obtained payoff u;;,, and not the whole payoff vector u;.

23
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The Decision Maker wishes to maximize its cumulative payoft ZZ;O Ut j, -
More specifically, we aim at constructing decision rules for the Decision
Maker (which we will simply call algorithms) that offer some worst-case
guarantee on the cumulative payoff which holds for all possible sequence
(ut)t=0 chosen by Nature. Therefore, the guarantee must be relative to the
sequence of payoff vectors (u¢)i=0. One possible type of guarantee is an
upper bound on the regret, defined as

T T
max Ut — Ut 5
1<i<d 5 K E St
t=0 t=0

which compares the actual cumulative payoff with the best cumulative payoff
that would have been obtained' by constantly choosing a given element
i€ {l,...,d}, meaning i; =i for all ¢t > 0.

For a given sequence of payoff vectors (u;)i>0, the above regret is a
random variable (because for each ¢ > 0, i; is a random variable), and we are
interested in analyzing its expectation. Using the law of total expectation,
we can write

T T T T
E | max Upi — E uti, | = E | max Ut — g E [ut i, |z4]
1<i<d & — 1<i<d —
N N - — 3.1
T . (3.1)
=K max Ut,g — E (ut,xt>
1<i<d
t=0 t=0

Besides, because the maximum of linear function on a convex compact set
is attained at its edges,

T T T
max U, = max E Ug, €; ) = max (ug, xy) .
1<i<d 1<i<d T€AG
t=0 —0 -
Therefore, upper bounds on the quantity
T T T
max » (ug,x) — E (ug, o) = max » (ug,x —xy), (3.2)
TR TS =0 veRd ]

which we will also call the regret, will yield the same bound on the expected
regret from (3.1).

A common assumption is that the sequence of payoff vectors (u;)i>0
is bounded. In that case, we will see that there exists algorithms that

!This interpretation holds only if we assume that the choice of the payoff vectors
(u¢)i>0 by Nature does not depend on the choices of the Decision Maker. Nevertheless,
all guarantees on the regret will still hold, even in the case where Nature does react to the
choices of the Decision Maker; only the interpretation will not stand.
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guarantee that above (cumulative) regret grows at most in VT, in other
words, the average regret is bounded from above by a quantity that vanish
as 1/ V/T. This has the following interpretation called prediction with expect
advice: there are d experts, and at each step ¢ > 0, the Decision Maker
has to choose one of the experts and follow his advice, and obtains the
corresponding payoff. Then, as will be proved below, there exists algorithms
such that the Decision Maker is guaranteed to perform as well as the best
expert (asymptotically and in average).

Another important question will be the optimal dependence of the regret
bouncgi in d, in the case e.g. where the payoff vectors are assumed to be in
[0, 1]%.

Example 3.1.1 (Follow the leader). The simplest algorithm we may think
of is called follow the leader, and picks the decision ¢ € {1,...,d} which
would have yielded the highest cumulative payoff on the previous steps:

t

1441 = arg max E Ugi, ©=0,

1<i<d S

which can be equivalently written

¢
Ty = arg max <Z Ug, x> , t>=0. (3.3)

TL’EAd s=1

Unfortunately, this algorithm is too simple and it is easy to find a bounded
sequence for which the regret grows linearly, e.g. for d = 2,

o= (£). =) =) =)

yields for all T > 1,

T T
. T—1 1
max E Ut — E Ut 5 —_— — —.
1<i<d t,1 tit = 2 2
t=0 t=0

Intuitively, the issue with the follow the leader algorithm is that it follows
previous data too closely, so that there exists a payoff vector for the next
step for which the decision of the algorithm is the worst. This is a kind of
overfitting. To address the issue, one possible approach is to reqularize the
quantity that is maximized in (4.2), which will lead to the dual averaging
and follow the regularized leader algorithms below.

We now make the connection with online learning and optimization by
presenting two successive extensions of the above framework.
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Online linear optimization The quantity (3.2) inspires the following
natural extension. Let X C R? be a nonempty closed convex set, and
U C R? any nonempty set. At each step t > 0,

e the Decision Maker chooses x; € X,
e Nature chooses and reveals u; € U,

 the Decision Maker obtains payoff (u, z;).

In the case where X is bounded, the natural definition of the regret is

T
max 2 (ug, @ — x4 .

When X is unbounded, it will be possible to guarantee upper bounds on

T

(ug,  — x4) s

t=0
that depend on the comparison point x € X. In the case where the set U of
payoff vectors is bounded, typical regret bounds also grow as /T, as will be
established below in Sections 3.2 and 3.3.

Online convex optimization We now further generalize by considering
convex loss functions, which is motivated by e.g. online learning. Let X ¢ R¢
be a nonempty closed convex set and £ a nonempty set of convex function
¢:R? — RU{+oo} such that X C dom /. At each step ¢ > 0,

o the Decision Maker chooses z; € X,
e Nature chooses and reveals ¢; € L,

o the Decision Maker incurs loss ¢;(x).

The corresponding definition for the regret is

T

max >  (be(zt) = (2)).
t=0
In the case where the loss functions have some curvature, the latter can
be leveraged to achieve regret bounds that grow strictly slower than /7.
The case where the loss function is constant boils down to convex opti-

mization.

Example 3.1.2 (Online linear regression). By slightly modifying the above
problem, the Decision Maker can observe some contextual information z;
before choosing x; € X. Online versions of supervised learning problem can
then be considered with Nature choosing loss function of the form e.g.

z) = ((z,z) —y)?,  zeRyLyeR.
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3.2 Dual averaging

We define and analyze the dual averaging family of algorithm which can
be seen as a reqularized version of the follow the leader algorithm from
Example (4.2). It is a special case of UMD iterates where for all ¢ > 0,
the regularizers satisfy hyyq/2 = ht11 and where the next dual point y:y; is
uniquely defined as 3,41 = y; + w.

We obtain in Proposition 3.2.5 below a regret bound in the context of
online linear optimization, which will be applied and transposed to numerous
problems.

Definition 3.2.1. Let (h¢)i>0 be a sequence of regularizers on X, (ut)¢>0
a sequence in R%, and gy € R? The associated sequence (z);>o of dual
averaging (DA) iterates is defined for ¢ > 0 as

xy=Vhi(y) and w1 =y + w.

Remark 3.2.2. The above definition can be equivalently written

¢
T4yl = argmax { <yo + Zut,$> - ht(x)}
s=0

z€R4

= arg max {(us, ) — Dp(z, x5 y)} -
zeX

In the case yp = 0, the above second expression gives the following inter-
pretation: x4 is the maximizer not of the past cumulative payoff function
T <Zi:0 Ug, :U> as in the follow the leader algorithm (see Section 3.1), but
of a reqularized version. For this reason, this algorithm is sometimes called
follow the regularized leader. We will use this name below to designate a
more general algorithm in the context of regret minimization with convex
losses.

Example 3.2.3 (Lazy Mirror Descent). Let yo € R? and denote Iy the
Euclidean projection onto X. For a given sequence (u¢)i=0, o = Iy (yo)
and

i1 = Hy(xe +we), t=0

corresponds to dual averaging iterates with constant Euclidean regularizer
h=1|- |3 4 Iy (see Proposition 2.2.5 and Example 2.3.6).

Example 3.2.4 (Exponential weights algorithm). For a given sequence
(ut)¢=0, consider

Ty = ( €xp (ZZ:O U/s,i) )
= .
Z?:l eXp (ZZ:O USJ) 1<j<d

These correspond to dual averaging iterates with constant entropic regular-
izer hent (see Proposition 2.2.6)
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The following statement gives a regret bound for online linear optimiza-
tion, which will also be applied and transposed to numerous problems.

Proposition 3.2.5 (Regret bounds for DA). Let (x¢)i=0 and (yt)i=0 be
defined as in Definition 3.2.1, and x € ﬂt>0 dom h;. Then,

(1) ((xt,yt))i=0 is a sequence of UMD iterates associated with regularizers
(ht)yer Ly and dual increments (ui)i=0, where Piy1/2 = hiya for all
t>0;

(i) for all T >0,

T
Z ug, x — x¢) < Do + (hr41(x) +ZDtv
t=0

where

Do = ho(z) — ho(zo) — (yo, * — o)
Dy = hiq(ye +ue) — by (ye) — (ug, ve), = 0;

(iti) if for t = 0, hiy1 = Iy and hy is Ki-strongly convex for some norm
|- 1|, then D} is bounded as
1

D < —
57z Il

Proof. (i) holds because the conditions from Definition 2.3.1 are trivially
satisfied. (ii) and (iii) easily follow from Lemma 2.5.2. O

Dual averaging with nonincreasing parameter Let h be a regularizer
on X, (ut)=0 a sequence in R? | yg = 0 and (n;)>0 a positive nonincreasing
sequence. Consider iterates (x;)¢>0 defined for t > 0 as

= Vh*(ny:) and  yep1 = ye + ugp. (3.4)

Then, ((x¢,y¢))e=0 are UMD iterates associated with dual increments (u)¢>0
and regularizers (h),c 1y where
2

ho(z) = M) Zmink (3.5)
e
and hyyq/9 = hyg for ¢ > 1. The definition of UMD iterates is invariant
when constants are added to regularizers, so it would be equivalent to simply
consider hy = h/n; but the above regularizers have the advantage of ensuring
hiy1 = hy and therefore makes the analysis simpler.
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Proposition 3.2.6 (Regret bounds for DA with time-dependent parame-
ters). Consider the iterates defined in (3.4).

(i) For all T >0 and x € dom h,

T T

h h Dy«
Z (ug, @ — 21 < ( — min I Z e (ne(ye + Ut) ntyt)‘
t=0 t=0

(i) Moreover, if h is K-strongly convex for some norm || -||, for all T > 0,

T

T
h(z) —minh 1 9
Sy < BETERT L S .
2 (ug, ® — x4) - tog 2 [t ][5

(iii) Moreover, if there exists L > 0 such that ||ut||, < L, then the choice

ne = V2K /(LVE+ 1) for some n > 0 yields

T

min h I T+1
" 9K

(ug, z — 2) < <h(x)_ +

t=0 N

(iv) Moreover, if sup h(x) < 400, then n = /maxy h — min h yields
reX

max
rzeX

T - <L\/2(maxxh—minh)(T+1)

K
t=0

Proof. (i) Applying Proposition 3.2.5, using yo = 0, and simplifying gives

d h(:c) —minh . .
S (urw — ) <~ SN e (s 4 we) — B () — (e, 22))-
=0 nr4+1 =0

For a given T" > 0, iterates xg,...,x7 do not depend on nryq, therefore,
Proposition 3.2.5 can be applied for nry1 = nr. Besides, because hi11 > hy
by definition in (3.5), hy (¢ + us) < hi(ys + u¢), hence the result.

(ii) follows from Proposition 1.6.4, (iii) and (iv) are immediate conse-
quences. O

Remark 3.2.7. According to the above statements (iii) and (iv) give that
the average regret is minimized at speed 1/v/T, for all T > 0, without
prior knowledge of the latter: the algorithm and the guarantee are said
to be horizon-free. In the case of a bounded domain such that supy h <
+00, the bound (iv) does not depend on the comparison point . When
X is unbounded, or when supy h = 400, the bound (iii) depend on the
comparison point x, but still guarantees a horizon-free average regret bound
of order 1/ VT, which is an important feature of dual averaging.
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3.3 Online mirror descent

We define and analyze the the online mirror descent family of algorithms,
which is an extension of the online projected gradient descent:

xpy1 = Hy (2 + uy) = argmax {(ut,x> - % ||z — xt||§} ,
TEX

where the above Euclidean distance is replaced by the Bregman divergence
associated with a differentiable function H. This yields a special case of
UMD iterates where for all ¢ > 0, hy = hyy1/, and where dual point y; is
uniquely defined as yy = VH(zy).

Proposition 3.3.13 below gives a regret bound in the context of online
linear optimization, and will also be applied and transposed to various prob-
lems.

Definition 3.3.1. Let H : RY — RU {+0c0}. Denote Dy := intdom H. H
is a mirror map compatible with X if

(i) H is lower semi-continuous, strictly convex, and differentiable on Dy,

)
(ii) the gradient of H takes all possible values, i.e. VH(Dp) = R?,
(iii) X C Dy,

(iv) X NDy # .

Example 3.3.2 (¥ norms). For p > 1, z — % Hach7 is a mirror map com-
patible with all nonempty closed convex sets.

Example 3.3.3 (Generalized negative entropy). The generalized negative
entropy on the closed positive orthant, defined as

Hi) Zgzl zilogz; if x € RY
€Tr) =
400 otherwise,

with convention 0 -log 0 = 0, is a mirror map compatible with all nonempty
closed convex subsets of Ri (e.g. the simplex).

Example 3.3.4 (Log barrier). The log barrier on the open positive orthant,
defined as

xr) =
400 otherwise,

is a mirror map compatible with all nonempty closed convex subsets of Rf{_
(e.g. the simplex), although its domain is the open positive orthant (Ri)d.

Proposition 3.3.5. Let H be a mirror map compatible with X, H* its
Legendre—Fenchel transform. Then,
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(i) dom H* = R,
(ii) H* is differentiable on R?,
(iii) VH*(R?) = Dy,
(iv) For x € Dy andy € RY, VF*(VF(z)) = x and VF(VF*(y)) = y.

Proof. Let y; € R™. By property (ii) from Definition 3.3.1, there exists
xo € Dy such that VH (xg) = y. Therefore, function ¢, : x — (y|z) — H(z)
is differentiable at xo and Ve, (zg) = 0. Moreover, ¢, is strictly concave
as a consequence of property (i) from Definition 3.3.1. Therefore, x( is the
unique maximizer of ¢, and:

H*(y) = max {{y|z) — H(z)} < +oo,

which proves property (i).
Besides, we have

rg € 0H"(y) <= y=VH(zg) <= 0 minimizer of ¢, (3.6)

where the first equivalence comes from Proposition 1.4.6. Point zg being
the unique maximizer of ¢,, we have that dH*(y) is a singleton. In other
words, H* is differentiable in y and

VH*(y) = 2 € Dy. (3.7)

First, the above (3.7) proves property (ii). Second, this equality combined
with the equality from (3.6) gives the second identity from property (iv).
Third, this proves that VH*(R"™) C Dy.

It remains to prove the reverse inclusion to get property (iii). Let x €
Dy. By property (i) from Definition 3.3.1, H is differentiable in . Consider

y = VH(z), (3.8)

and all the above holds with this special point y. In particular, xg = x by
uniqueness of xg. Therefore (3.7) gives

VH*(y) = z, (3.9)

and this proves VH*(R™) D Dy and thus property (iii). Combining (3.8)
and (3.9) gives the first identity from property (iv). O

Proposition 3.3.6 (OMD iteration). Let H be a mirror map compatible
with X, © € Dy, u € R and consider

x' = arg max {<u,x"> - DH(:L“",x)} .
z'eXx
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Then, ¥’ € X N Dy and can also be written

¢’ = argmax {(VH(z) + u,2") — H(z")}
z'ex

= argmin Dy (2", VH*(VH(x) + u)).
x’eX

Proof. The proof that x’ is well-defined and belongs to Dy is given in
[JKM23]. Besides,

2’ = argmax {(u,2") — Dy (2", z)}
z''eX

= arg max {(u,2") — H(z") + (VH(z),2" — z)}
= a:gj;fx {(VH(z) +u,2") — H(z")}
= a:%/renax {~H(")+ H(VH*(VH(z) +u) + (VH(z) + u, 2" — 2)}
— a:g ren/‘;n Dy (2", VH*(VH(z) + u)).
z''ex
0

Definition 3.3.7. A sequence (H;)¢>o of mirror maps has nondecreasing
domains if dom H; C dom Hyy; for all ¢t > 0.

Definition 3.3.8. Let (H;);>0 be a sequence of mirror maps compatible
with X with nondecreasing domains and (us);>0 a sequence in R%. A se-
quence (z4)s>0 in R? is an sequence of online mirror descent (OMD) iterates
on X associated with mirror maps (H)¢>0 and dual increments (ug)i>o if
zo € X Nintdom Hy and

xyy1 = argmax {(u, ) — Dy, (z,2¢)}, t>0.
reX
Remark 3.3.9. The above iterates are well-defined. Indeed, we first note
that z € Dp,, and then by induction, as soon as x; € Dp,, Proposition 3.3.6
ensures that z;y; is well-defined an unique, and that it belongs to Dg,.
Because the mirror maps have nondecreasing domains, x+,1 also belongs to
Dy, -

Example 3.3.10 (Online (projected) gradient descent). Denote IIy the
Euclidean projection onto X. Let yo € R? and a sequence (u)i=o in R%.
Then, z¢g = Iy (yo) and

i1 = My (2 +u), t =0,

are OMD iterates on X associated with constant FEuclidean mirror map
H =415,
2 2
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Example 3.3.11 (Exponential weights algorithm). The exponential weights
algorithm from Example 3.2.4 gives OMD iterates on the simplex A, asso-
ciated with generalized entropic mirror map from Example 3.3.3.

The following proposition indicates the regularizers to consider for mak-
ing the connection with the definition of UMD iterates.

Proposition 3.3.12. Let H be a mirror map compatible with X. Then
h = H + Ix is a regularizer on X and for all x € Dy, VH(x) € Oh(z).

Proof. See [JKM23]. O

The following statement gives a regret bound for online linear optimiza-
tion, and will also be applied and transposed to numerous problems.

Proposition 3.3.13 (Regret bounds for OMD). Let (Hy)i>o be a sequence
of mirror maps compatible with X with nondecreasing domains, (ut)i>o0 a

sequence in R?, (x¢)¢=0 associated OMD iterates in X and x € X Ndom Hy.
Then,

(i) (x4, VH(21)))t=0 is a sequence of UMD iterates associated with regu-
larizers (h¢)i=0 defined as

ht =hyp1o = Hi +Ix, tEN,
and dual increments (uy)i=o0;

(i) for all T >0

T T
Z Ut,l'—xt DHo(xuxO) DHT+1 Ty TT+1 +Z t+1/2+D*)7
t=0 t=0

where
Dt+1/2 = DHH—I*Ht (xvxt-&-l)a
Dt = DHz* (VHt($t) + ug, VHt(SCt));
(iii) if for t > 0, Hy is Ki-strongly convex for some norm || - ||, then D is
bounded as

t\2K H tH

Proof. (i) (ht),;c1y are indeed regularizers thanks to Proposition 3.3.12. Let
2

us prove that ((z¢, VHi(2+)))e=0 satisty the deﬁnition of UMD iterates. Let
> 0 and 2/ € R%. By definition of hy, hy > H;. Moreover, hy(x;) = H(x;)
because z¢ € Dy, by Remark 3.3.9. Then,

ht((L‘,) — ht(.’Et) 2 Ht(l' ) Ht(.l?t) <VFt(l‘t) X — IEt> 5
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which means VF(z;) € Ohi(z;), and the first condition from Definition 2.3.1
is satisfied. Besides, using Proposition 3.3.6 and the definition of hy /9,

Tyl = arg H)lgax{<VHt($t) + ug, x) — Hy(x)}
TE

= argmax {(VH () + up, x) — hyyrjo(x) ) = VR o (VH () + we)),
z€R

which proves the second condition, and ((x¢, VH(2¢)))i>0 is indeed a se-
quence of UMD iterates associated with (Hy)i=0 and (u¢)e=0-

(ii) For all t € %N, the definition of h; imply that dom h; = X Ndom Hj.
Because (H})¢>0 has nondecreasing domains,

z € X Ndom Hy =X N () dom H; = () (X Ndom H,)
teN teN

= ﬂ dom h; = ﬂ dom h;.
teN teiN

Therefore, Lemma 2.5.2 can be applied with = and with notation therein,
we get for all T > 0,

T

T
Z ('I,Lt,x - $t> = DO - DT+1 + Z(DtA‘i’l/2 + D;fk)
t=0 t=0

First, because x,x¢9 € X N dom Hy,

DO = ho(.r) - ho(l’o) - <VHO($0),$ - $0>
= Ho(z) — Ho(wo) — (VHo(z0),z — 20)

= DHo(':Ev:EO)‘

Similarly, « belongs to X Ndom Hr41 and so does x4 as a consequence of
(7¢)¢>0 being OMD iterates (see Remark 3.3.9) and Dry1 = Dy, (%, 2741).

Let us now bound the two remaining Bregman divergences. For ¢ > 0,
denote y; = VH(x), then Proposition 3.3.6 ensures that

xpy1 = argmax {(y; + u, ) — He(x)},
TEX
in other words x;41 is a minimizer of a differentiable convex function over
X. Therefore, Proposition 1.2.10 gives the following variational characteri-
zation:
(VHi(z441) =yt — up, @’ — we41) 20, o' € X.
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We use it for 2/ = z to bound D2 as follows.

t+1/2

DtA—H/2 = Aht+1/2($) - Aht+1/2($t+1)
— (Y41 — Yt — U, T — Tyy1)
< Hypa(w) — Hy(w) — Hega(ze41) + He(z41)
—(VHy1(241) — VHi(2441), 2 — T441)
=Dy, (7, 2441)
= DtA+1/2-

We now turn to Df. Because h; > H; by definition of h¢, the reverse inequal-
ity holds for the Legendre-Fenchel transform, and in particular, hf (y;+u:) <
H} (y; + ug). Besides, it holds that

xy = VH/(y) and x;=Vhi(ys),

where the first equality comes from Proposition 3.3.5, whereas the second
is obtained combining the fact that VH(z;) = y; € Ohi(x;) (proved above)
with Proposition 1.4.6. The latter proposition also gives a characterization
of both above gradients as maximizers of concave functions, which yields

hi (ye) = max {{y;, z) — hy(x)} = (ye, 1) — ha (1)
z€R4
= (Y1, v¢) — Hy(wy) = max {(y, v) — Hy(w)}
z€RC

= H; (y1).

Hence
Df = hiyypo(ye +ue) = hi(ye) — (ue, ) < Hy (ye + ue) — Hy (ye) — (ug, 1)
= Dp; (yt + ut, yr)-
[

OMD with nonincreasing step-sizes An important special case of
OMD iterates is the following. Let H be a mirror map compatible with
X, (7)t=0 a positive and nonincreasing sequence, and (u;)¢>0 a sequence in

R?. Then, associated OMD iterates on X with time-dependent step-sizes
(or learning rate) are defined as

Tir1l = argen)l(ax {{(vus,x) — Dy (z,x4)} (3.10)
= argen)l(ax {{VH(z¢) + veus, x) — H(z)} . (3.11)

This corresponds to OMD iterates from Definition 3.3.8 with time-dependent
mirror maps (Hy)io defined as Hy =y, LH for all t > 0, which is indeed a
sequence of mirror maps compatible with X with nondecreasing domains.
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Proposition 3.3.14 (Regret bounds for OMD with time-dependent step—
sizes). Consider the OMD iterates with nonincreasing step-sizes defined in

(3.10).
(i) For allT >0 and x € X Ndom H,
max Dg(z,x¢) T

T

0<t<T ~
g (ug, ¢ — xy) < —i—E Dy,
t=0

T =0

where [?2‘ = fyt_lDH* (VH (x¢) + yeur, VHi(x4)).

(i) Moreover, if H is K-strongly conver with respect to some norm |- ||,
for all' T >0

~

max Dg(x, x;
o 0SIST ( )
E Utax—l’t <

t=0

T
= e w2
T K~
(iii) Moreover, if there exists known constants R > 0 and L > 0, such that
for all t > 0, maxzexy Dy (v, 2;) < R? and ||u]|, < L, then step-sizes

vt = RVK (Lt + 1) yield for all T > 0,

2(T + 1)

T
— < RL
s < iy

t=0

Proof. (i) Applying Proposition 3.3.13,

T
_D D

Z Ut T — ) H(®,20)  Du(x,2141)

=0 70 YT+1

(LY by 0

o \t+1 N =0
T—1
Dy(x, xg 1 1
= ( ) + Z ( — > DH(:L’,J}t_H)
o i—o \t+1 Vi

N

1 Tl 1 T
<max Dy (x, mt)) — 4+ < — > + ZDZ‘
Ist<T Yoo Do \Vt+l Mt o

e
= +>» Dj.
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Besides, for all t > 0 and y € R?,

o\ H(z)] 1
Hi(y) = gg@{(y, ) — %} =2, max{{ny,2) — H(@)},

which yields

D Dy~ (VH () + ypuy, VH
D; = Dy (VHy () + ug, V(1)) = =2 (VH () . VUt (ze))
t

(ii) and (iii) follow immediately. O

Remark 3.3.15. Even for a fixed point z € XNdom H, unless there is a known
bound on max;>o Dy (z,x;), for instance in the case where X is bounded,
there is no known sublinear regret bound for OMD. This is contrast with
DA which, with the right nonincreasing parameters from Proposition 3.2.5,
guarantees a regret bound that grows as v/T with time, as soon as a bound
on the norms of vectors (u)i=0 is known.

Corollary 3.3.16. Consider the special case of online gradient descent it-
erations
i1 = My (e +yeug), t2>0.

Then, for all T >0 and x € X,

> gu lle = all 5 2l
(U, — ) < —— +y 2

t=0 2yr - 2

Proof. Combine Corollaries 3.3.16 and 1.6.8. O

3.4 Finite action set

We recall the regret minimization problem where the Decision Maker chooses
at each step an element in {1,...,d} possibly at random, described in Sec-
tion 3.1. At step t > 0,

e the Decision Maker chooses x; € Ay,
o Nature chooses and reveals payoff vector u; € [0, 1]d,

o 4 is a random element in {1,...,d} drawn according to distribution
x; and revealed to the Decision Maker,

 the Decision Maker obtains payoff u;,.

As already discussed, the regret minimization in this setting can be reduced
to an online linear optimization on the simplex Ay, as formalized in the
following lemma.
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Lemma 3.4.1. For all T > 0,

T T
E | max (uti —ugi,)| = E | max (ug, x — ) | -
1<l<d Z’eAd
t=0 t=0
T
Therefore, any upper bound on mix E (ug, x — ) will also be an upper
PERd T,
T
bound on E mayil (ut; — uti,)|- A common assumption in this setting
1<i< ;
t=0

is that there is a known bound on the {o, norm of the payoff vectors. We
establish the important y/1'log d regret bound in this case.

Definition 3.4.2 (Exponential weights algorithm). Let (u¢)i>0 be a se-
quence in R? and (nt)i=0 a positive sequence. The associated iterates of
exponential weights algorithm (EW) iterates are defined in the simplex Ay

as
exp (7775 Zi;%) us,i)
d -1
Zj:l exXp ("7t ZZ:O us,j)

We recall the definition of the entropic regularizer on the simplex:

:L‘t: 9 t>0

1<i<d

o () Zgzl xilogx; if x € Ay, with convention 0 -log0 =0
nt\L) =
ent 400 otherwise.

d
Proposition 3.4.3. (i) hl,(y) = log (Z exp (yl)> for all y € RY,
i=1

(ii) Vhi(y) = (pm) for ally € RY,
Z 1<i<d

=1 eXP(yj)
(777) maxa, hent — min heny = logd,
(iv) hent is 1-strongly convez for ||-||;.

Proof. (iii) hent being convex, its maximum on Ay is attained at one of the
extreme points. At each extreme point, the value of hept is zero. Therefore,
maxa, hent = 0. As for the minimum, heny being convex and symmetric
with respect to the components x;, its minimum is attained at the cen-
troid (1/d,...,1/d) of the simplex A4, where its value is —log d. Therefore,
mina, hent = — logd, hence the result.

(iv) Consider F : R? — R U {+oco} defined by

d .
F(z) = {Ei=1 zi(logw; —1) ifzre Ri

+00 otherwise.
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Let us prove that F'is 1-strongly convex with respect to || - ||;. By definition,
the domain of F' is Ri. It is differentiable on the interior of the domain
(R%)% and VF(z) = (logx;)1<i<a for z € (R%)%. Therefore, the norm of
VF(z) goes to +00 when z converges to a boundary point of Ri. [Roc70,
Theorem 26.1] then assures that the subdifferential OF (x) is empty as soon
as x ¢ (R%)% Therefore, condition (iii) from Proposition 1.6.4, which we
aim at proving, can be written

VF(') = VF(z),2 —z) > ||/ — =« 2w e (R*)%. (3.12)
1 +
Let 2,2’ € (R%)<.
d o
(VF(a') = VF(z),2' —z) = ;log :E—Z(x; — ;).

A simple study of function shows that (z — 1)logz — 2(z — 1)2/(z +1) > 0
for z > 0. Applied with z = 2/ /x;, this gives

d /
! 2
> log i (af —z) > |’ — 2},
° Z;
=1
and (4.3) is proved. F' is therefore 1-strongly convex with respect to || - ||
and so is hent- ]

Proposition 3.4.4 (Regret bound for EW). Let (z;);>0 be defined as in
Definition 3.4.2. Then,

(1) (x)e=0 is a sequence of DA iterates associated with reqularizer hent,
parameters (ny)e=0 and dual increments (ug)=o-

(i1) Moreover, if (n:)i=0 is nonincreasing, for all T > 0,

T T
logd Dh* e (Yt + uy L MYt
E max (ut,i — ut,it) < g 4 § ent( ( ) ) .

SIS nr P M

(tit) If there exists L > 0 such that ||u||, < L for allt > 0, and if ny =
V2logd/(L\/t + 1), then for all T > 0,

T

P . < .
E 112522 2 (uti Ut,%t)] L+/2(logd)(T + 1)

Proof. (i) follows from Definition 3.4.2 and the expression of VA, from
Proposition 3.4.3. (ii) and (iii) are then a simple application of Proposi-
tion 3.2.6 with the properties from Proposition 3.4.3 together with Lemma 3.4.1.

O]

The above y/T'log d bound is known to be essentially unimprovable with-
out further assumptions.
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3.5 Multi-armed bandit

The multi-armed bandit problem is a variant of the regret minimization
with a finite set of decisions where only the actual payoff is revealed to the
Decision Maker. At step t > 0,

e the Decision Maker chooses x; € Ay,

 Nature chooses u; € R%,

o 4 is drawn in {1,...,d} according to z,

e u;, is revealed to the Decision Maker.
We aim at obtaining guarantees on

T
max E U5 — Ut Zt .
1<i<d

t=

Since the whole vector u; is unknown to the Decision Maker, one possible
approach is to construct an unbiased estimator of u; as follows

~ Ut;
Uy = <:ﬂ.{iit} mf) , t=0, (3.13)
Ttyir / 1<i<d
which indeed satisfies E [t |x:] = w, and use it as a replacement to wu

in some online linear optimization algorithm on the simplex, e.g. the ex-
ponential weights algorithm. The resulting algorithm is called EXP3 (for
exponential weights for exploration and exploitation) and is proved below
to guarantee a regret bound of order \/T'dlog d, in the case where the payoff
vectors are bounded with respect to || - ||

Lemma 3.5.1. Forall T > 0,

T
§ Ut — Ut zt
1<1<
t=0

<E [;Iéi}i (g, x — xtﬂ .
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Proof. Using the fact that Emax > max E,

WV

T T
Z at,i] —E [Z <ﬂt, ZL‘t>]
t=1 t=1

Z E [ﬁt,z’ | xt]]
.
ZE Ut Tt \xt}]

T T
E | max u“ E (g, x4) max [E
1<is<d & po 1<i<d

= max E
1<i<d

T T
= max E E Ups | — E (ug, x¢)
1<i<d ’
t=1 t=1
T T
= max E E Ut s g [ug i, | 4]
1<i<d - ’ —

max E Ut E (7
1<1<d 2 At

here for the last equality, we used the fact that u;; is deterministic to swap
the maximum and the expectation. ]

For the analysis for EXP3, we need the following bound which provides
a finer control over the Bregman divergence associated with hj .

Lemma 3.5.2. Fory € RY, w € R, 5> 0 and x = VhZ,,(ny),

77
Dz, (n(y + u) S5 Z (R

Proof. Using the explicit expressions from Proposition 3.4.3

(Vhew (ny)|u)
d d
= log Z eN(yitui) ) log (Z e"“) —n(u,x)

=1

() e

Dyx (n(y +u),nu) = hey ((y +u)) — hine(ny) —

i—1 Z]:l 677?4]
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For z < 0, a simple differentiation proves that e* <1+ z + % Therefore,

d 2.2
U=
D@me+uxmﬂ<k%<§ m<1+mu+"2’>>—n@%@

i=1

9 d
n
= log (1+n(u,x>+22xiu5> —n{u,x)

i=1
7
1=

2

Ui 2
== )z,

2

=1
which gives the result. O

Proposition 3.5.3 (Regret bound for EXP3). Let L > 0 and (ut)i=0 be a
sequence in [—L,0]%. Let

t—1 ~
. Nt Zs:() Us,i >
Ty = d t—1 ~ ) t = 07
Zj:l Mt ZS:O ’LLS,]' 1<i<d

where 1y is defined as in (3.13) and n; = /2(logd)/(dL2(t + 1)) . Then,
for all'T >0,

T
E max, ;(Ut,i - Ut,it)] < Ly/2(T + 1)dlogd.
Proof. Combine Proposition 3.4.4 with Lemmas 3.5.1 and 3.5.2. ]

Remark 3.5.4. An important limitation of the above result is that payoff
vectors must belong to [—L,O]d. Although the regret is invariant when an
additive constant is added to all components of a payoff vector, the con-
struction of the estimator (3.13) however is not invariant by such a trans-
formation. If payoff vectors are given in e.g. [0, L]d, the same regret bound
can be achieved by considering

U4, — L
dp = Lpymiyy . t>0,
Ltiy 1<i<d

which are unbiased estimators of u; — L1.



Chapter 4

Online convex optimization

4.1 Introduction

Definition 4.1.1. £ : R? — R U {+oco} is a convex loss function on X if it
is convex, lower semicontinuous, and has nonempty subdifferential on X.

Remark 4.1.2. In particular, X C dom ¢ according to Proposition 1.3.6.

We consider the online convex optimization problem. At each step ¢t > 0,
e the Decision Maker chooses x; € X,

o Nature chooses and reveals a convex loss function ¢,

o the Decision Maker incurs loss ¢(x).

We aim at constructing algorithms which provide guarantees on the corre-
sponding regret, defined as

T
thltt —Et )) T}O,l’GX
t=0

Example 4.1.3. Online linear optimization is a special case of online convex
optimization where for all ¢ > 0, loss functions are of the form ¢;(z) =
— (ug, x) for some u; € R Then, the above definition of the regret coincide
with the definition from Section 3.

Example 4.1.4. In the online prediction with square loss problem, for all
> 0, loss functions are of the form ¢;(z) = ||z — 2|l for some z € R%.

Example 4.1.5. The online portfolio optimization problem models the se-
quential rebalancing of a portfolio between d assets. At each step t > 0, the
Decision Maker chooses a distribution x; € Ay over the assets and changes
the composition of its portfolio accordingly, so that the proportion (in value)
corresponding to asset i € {1,...,d} is ;. At the end of the step, the value

43
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of each asset i € {1,...,d} is multiplied by a factor r;; € R* chosen by Na-
ture, which corresponds to its performance. The value of the portfolio is then
multiplied by (r¢, z;). To fit into the online convex optimization framework,
we consider the negative logarithm of the above quantity:

l(x) = —log (ry,x), x € Ay,

so that the cumulative loss of the Decision Maker corresponds to the loga-
rithm of the total variation ratio of the value of its portfolio.

4.2 Loss linearization

Online convex optimization can be reduced to an online linear optimiza-
tion problem. Indeed, for ¢ > 0, if ¢t € 9¢;(x¢), then by definition of a
subgradient,

li(xe) — le(z) < (gt 2t — ), x€X. (4.1)

Therefore, an upper bound on the regret corresponding to the online linear
optimization problem with payoff vectors (—g;)¢>0 is also an upper bound
on the initial regret corresponding to loss functions (¢;);>0. The approach of
using an online linear optimization algorithm with (—g;);>¢ as payoff vectors
is called loss linearization. The following guarantees are direct adaptations
from Sections 3.2 and 3.3.

Corollary 4.2.1 (Online mirror descent for convex losses). Let K > 0, || - ||
a norm in R, H be a mirror map compatible with X and K -strongly convex
for |||, (%)t=0 a positive and nonincreasing sequence, and xo € X N Dy.
Consider associated OMD iterates:

Tip1 = arggin{(vlggt,:x) + Du(z,z)}, t=0.
xre

Then for all T > 0 and x € X Ndom H,

max Dy (z,x¢)

d 0<t<T 1 <
2
; (be(x1) — L)) < +2K;%”gt||*-

T

Moreover, if there exists R, L > 0 such that for allt > 0, max,ecy Dg(z,z;) <
R? and ¢ is L-Lipschitz for || - ||, then the choice

vVEK
= VR s
Lvt+1

guarantee for all T > 0,

T

20+ 1
max S (4(we) — () < REyJ 2L,
TeEX =0 K
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Corollary 4.2.2 (Dual averaging for convex losses). Let K > 0, ||| a
norm in R%, h a reqularizer on X which we assume K -strongly convez for
|- |l, and (n:)i=0 a positive and nonincreasing sequence. Consider associated

DA iterates:
xt—argmln{<nt29s, > }, t>0.

(i) Then for allT > 0 and x € dom h,

T . T
h(z) —min h 1 2
(0e( L ———+ — .
; t(2t) — Le(x)) - o ;m gl

(ii) Moreover, if there exists L > 0 such that for allt > 0, £, is L-Lipschitz
continuous for || - ||, then the choice

V2K
M= 20,
Lyvt+1

for some n > 0, guarantee for all T > 0,

() — by(x)) < (h(x)—nmlnh _|_77> I %

T
t=0

(iii) Moreover, if sup,cy h(z) < 400, then n = y/maxy h — min yields,

T

I{glea%{ 2 (gt(it) — ft(l‘)) < L\/

2(maxy h —minh)(T + 1)
e .

4.3 Follow the regularized leader

Loss linearization has the advantage of using only a subgradient of each loss
function as the input to the algorithm, and not the whole function. On the
other hand, this approach forgets about the curvature of the loss functions
and convexity inequality (3.6) may be far from tight when the loss functions
do have curvature.

The follow the regularized leader (FTRL) algorithm does not rely on
such a majorization and instead outputs the regularized minimizer of the
past cumulative loss based on the actual loss functions.

Lemma 4.3.1. Let f: RY — RU {400} be a proper lower semicontinuous
convex function and p a reqularizer on X such that dom f Ndomp # &.
Then, f + p admits a unique minimizer on X.

Proof. O
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Definition 4.3.2 (Follow the regularized leader). Let (p¢):>0 be a sequence
of regularizers on X and ({;);>0 a sequence of loss functions on X. Then,
the associated follow the regularized leader (FTRL) iterates are defined as
xo = argmin,c y po(z) and

reX 5—0

xt+1—argm1n{Z€ ) + pryi1(x )} t>0.

Remark 4.3.3. The above iterates are well-defined thanks to Lemma 4.3.1.
Remark 4.3.4. In the case of linear losses, FTRL reduces to DA from Defi-
nition 3.2.1.

Proposition 4.3.5 (Regret bound for FTRL). Let (x¢)i>0 be defined as
in Definition 4.3.2 and hy = pg — min pg. For all t > 0, let g, € 0ly(xy),
v=—Y4zpgs and

¢

hisrj2(x) = her(z) = Y Dy (@, 255 gs) + prya () — minpyy, z €RY
s=0

Then,
(i) (ht),c1y 98 a sequence of reqularizers on X,
2

(%) ((xt,yt))i=0 s a sequence of UMD iterates associated with regularizers
(ht)te%N and dual increments (—g¢)e=o0,

(i) for all T =0 and x € ;5o dom py,

T T
Z C(ze) — Le()) <PT($)_miHPT+ZD:7
t=0 t=0

where Df = hy 1 (yer1) — by (Ye) + (9¢, T4)-

(iv) Let ||| be a norm in R?, K > 0, p a regularizer on X which we
assume K -strongly convez for || - || and (n:)i=0 a positive nonincreasing
sequence. If py = n[lp for allt >0, then for ollT > 0,

4 p(z) —miny p 1 <
(bp(zy) — by(z)) < B ——X 0~ 2
; t(ze) — b(x)) - + 5% tz;m llgell;

(v) Moreover, if there exists L > 0 such that loss functions (¢t)¢>o are L-
Lipschitz continuous for || - ||, and if maxy pp < 400, then the choice

B 1\/2K(max,yp—minp)
"I t+1 ’

t>0



Follow the regularized leader 47

guarantees
T
2 (maxy p— minp) (T + 1)
(4 ( < L\/ .
g 2 (o) = (@) K

Proof. (i) hg = pp — min py is a regularizer on X’ by assumption. For all
t > 0, hypq is lower semicontinuous as the sum of lower semi-continuous
functions. It is strictly convex, as the sum of a strictly convex function
(regularizer p;11) and convex functions. Besides, for all s > 0, because £,
has nonempty subdifferential on X by assumption, its domain contains X.
Therefore,

cldom h;q = cl (dom Pra1 N ﬂ dom £s> =cldom psy1 = X.

0<s<t

It remains to prove that domhj,; = R%. For y € RY,

hit1(y) = sup {(y,z) — hey1(z)}

yER4
t
= sup {(Z/, T) — ZDES (@, 253 gs) — prra(@) + minptH}
yERE s=1

which is a finite quantity because Lemma 4.3.1 applies. Hence, hy41 is indeed
a regularizer on X.
(ii) For all t > 0

t—1
azt—argmln{ZES )+ pe(x )}

zeX

s=0
t—1
= arggin {Z (Us(xs) +(gs,* — x5) + Dy (2,245 gs)) + Pt(@}
S s=0
t—1
= arg gin {Z ((gs, ) + Dy, (x, 255 gs)) + Pt(ﬂf)}
xe s=0
= argmin {(—y;, ) + he(z)}
reX
= arg min {(—y, z) + he(z)}
z€R4
= Vh;: (yt) )

where the penultimate equality holds because for all £ > 0, domh; C X.
The above is equivalent to y; € Ohj(z:) by Proposition 1.4.6. Because
hit1/2 = hit1, the above also imply for all ¢ > 0,

Tt+1 = Vh;fk+1/2(yt+1) = vh;;rl/Q (ye — 9¢)
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hence the result.
(iii) Applying Lemma 2.5.2 with notation therein gives for all ¢ > 0,

(g1, ¢ — ) < Dy—Dy1+Df+(pry1 (x)—min py1)—(p () —min pg)+Dy, (@, 245 g1)-
Reorganizing the terms gives
by(xt) — (7)) = Dy — Diy1 + Dy + (pry1(w) — min pyy1) — (pe(w) — min py).

Summing yields

T T
(€e(e) = £e(x)) < Do+ Y D+ (pr1(2) —min pr41) = (po(x) —min po).

t=0 t=0
Note that for a given T' > 0, iterates zg, . .., 27 do not depend on pr41, and

thus, the above analysis is valid with e.g. pr+1 = pr, and we can make the
this substitution in the above right-hand side'. Besides,

Do = ho(x) — ho(zo) — (0,2 — x0) = po(x) — min pp.

Simplifying gives the result.

(iv) Continuing the above analysis (fixing 7' > 0 and considering ppiq =
pr, which here corresponds to np41 = nr), for all 0 <t < T, hy is K/n-
strongly convex for || - || as the sum of convex functions and a K /n;-strongly
convex function (p;); besides, hyy1 > hy because parameters (1;);>0 are
nonincreasing. Then,

1 1
Mt+1 ui

which implies hj,; < h;. Therefore,

Df = hiq (e — g¢) — hi () + (g¢, 7¢)
< hy (ye — ge) — by (ye) + (ge, T4)

Yo 2
= Dps (g — < - ,
ht (yt gt’yt) 2K ||gtH*

where we used Proposition 1.6.4, hence the result. (v) is then an easy
consequence. O

Remark 4.3.6. The above last regret bound (v) provide a guarantee similar
to those given in Section 4.2 by OMD and DA with loss linearization, and
thus does not make explicit the advantage of FTRL. However, this bound
corresponds to the case where the losses are assumed Lipschitz continuous
and therefore may very well have no curvature. In the case where losses do
have curvature, above regret bound (iii) may be much smaller, and FTRL
performs in practice much better and OMD and DA.

!This argument remains valid for any choice of pr41, but we should keep in mind that
D7 depends on pr41.
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4.4 Strongly convex losses

We now assume that loss functions have strong convexity and establish below

that this can be leveraged to achieve much smaller regret bounds of order
log T instead of VT.

Example 4.4.1 (Square loss). Square loss functions of the form ((z) =
3z — z||3 for some z € R? are 1-strongly convex with for | - ||, by Corol-
lary 1.6.8.

If the decision maker has access, after having chosen x;, to a subgra-
dient g; € 0¢;(z;) and to the strong convexity parameter of loss function
4y, it is enough to use online gradient descent with a well-chosen step-size
that depends on the strong convexity parameters to obtain the following
guarantee.

Proposition 4.4.2 (OGD with strongly convex losses). Let (K)o be a
positive sequence, (4)i>o loss functions such that for all t > 0, ¢y is K-
strongly convex for ||-||, and zo € X. Consider online gradient descent
tterates:

o1 = My (ze — mge), t 20,
where g, € O (xy) and vy, = (ZZ:O KS)_I. Then, for all T > 0

- Lo Nl
L2
maxz (0 () ))gfzti.
TeEX = 2 P Zs:() KS
In particular, if there exists K, L > 0 such that for allt > 0, Ky = K and
y is L-Lipschitz continuous for || - ||y, then for all T >0,
T 2

gg;t:o(gt(xt) t(2)) < 5

— (1 + log(T + 1)).

Proof. Using the characterization of strong convexity from Proposition 1.6.4,
we write

T T T
K
; (Le(x) — £4( ))<Z(gta$t ;2 55t||§)

t=0

We then conclude by applying Proposition 3.3.13 and simplifying. O

The above result will be used to derive convergence guarantees for SGD
the context of empirical risk minimization with convex losses and Ridge
regularization.

We now turn to the follow the leader (FTL not FTRL) algorithm which
gurantees the same regret bound as OMD, but for any norm |||, with-
out requiring the knowledge of the norm |- || nor of the strong convexity
parameters. This is therefore a much stronger guarantee.
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Proposition 4.4.3 (FTL with strongly convex losses). Let || -|| be a norm
in R, (Ky)i=0 a positive sequence, and ({3)i=o loss functions on X such that
for allt >0, £, is K;-strongly convex for || -|| and zo € X. Consider

Tyl = arg min {Z€ } t>0. (4.2)

reX s—0

Let ho = ¢ || — xo||3 + Ix(x) (for some e > 0) and for all t >0

t

hiy1j2(x) = hepr(z) =Y Dy (z, 245 gs) + Ix(2),
s=0

where for all s > 0, gs € 0ls(xs). Then,

(i) (ht)%N is a sequence of reqularizers on X,

(ii) ((z¢,— 22;11 gs))t=0 is a sequence of UMD iterates associated with reg-
ularizers (ht),c 1y and dual increments (—g¢)i>0,
2

(iii) for all T >0,

max ET et (L‘t — gt )) < 1 ET ”gtHi
~N t .
zEX —o 2 E:S:()Ks

t=0

Proof. The FTL iterates are well-defined because for ¢t > 0, Zi:o ls+ Iy is
a proper lower semicontinuous strongly convex function, and thus admits a
unique minimizer by Proposition 1.6.12.

(i) Let t € %N . hy is lower semicontinuous as the sum of lower semicon-
tinuous functions. It is also strictly convex because it is strongly convex.
For t = 0, dom hg = X as an immediate consequence of the definition and
for t > 1, because the domain of the convex losses contain X,

t—1
X C dom <ZD63(',1€5; gs)) )

s=0

and therefore
dom h; = dom (ZDES('»$8§ Js) —|—IX> =X.

Besides, strong convexity also ensures that dom h; = R? by Proposition 2.2.3,
hence the result.
(ii) Similar to the proof of Proposition 4.3.5.
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(iii) For ¢ > 0, applying Lemma 2.5.2 gives, with notation therein,
(gt, 2t — ) < Dy — Deyy + Dff + Dy, (z, 245 ye).
Rearranging gives
ly(x) — li(x) < Dy — Dyyr + Dy

Summing gives

T T
D () = ty(x)) < ellz — zol3 + > Dy
t=0 =0

The above being true for all € > 0, the first term in the above right-hand
side can be removed. It remains to bound D from above. Let ¢ > 0. Note
that © — Dy, (x,x¢; g¢) is a nonnegative function which attains its minimum,
which is 0, for x = x4. Then, with notation y; = — Zi;lo gs we can write

xy = Vhi (y;) = arg min{ (ye, ZDZS (7, 2s; gs)}

zC€R4

t
= arg min {— (ye, ) + ZDZS(%%; gs)}

z€R4 s=0
= Vhij(y) = Vhr+1/2(yt)a

and similarly hj(y;) = h;l/Q(yt) = h{,1(y:). Besides, because ¢; (and
therefore Dy, (-, x¢; g¢)) is Ky-strongly convex for || - || by assumption, hy11 =
Zi:o Dy, (-, 45 gt) is Zi:o K-strongly convex. Hence,
Di = hiq0(ye — g1) — hi(ye) + (gt z1)
= hiv1(ye — 9¢) — b1 (we) + (96, VR ()
= Dh;+1(yt — 96, Y1)
2
llgel5
2 om0 Ks

where the inequality holds by Corollary 1.6.5, hence the result. O

4.5 Online linear regression

We consider the following online linear regression problem, which does not
exactly fit in the framework of online convex optimization. At each step
t>0,

« Nature chooses and reveals w; € R?,
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o the Decision Maker chooses z; € RY,

o Nature chooses and reveals z; € R,

e the Decision Maker incurs loss 3 ((we, z¢) — 2¢)%.

The corresponding regret then writes

T
Z (;(<wt7$t> —z)’ - %(<wt,x> — zt)2) ., T>0, zeR%

t=0

The following algorithm is a variant of FTRL which at step ¢t > 0 uses

the knowledge of w; to choose x;. Since the loss function at step ¢t > 0 writes
1 1
l(z) = B (we, 2)? — 2z (wy, ) + §zt2,

the algorithm chooses x; by minimizing the past cumulatives loss functions
plus the known part of the next loss function ¢;, meaning the first above
term 3 (wy, )2, plus a regularization term 2 | ]|3.
Definition 4.5.1 (Vovk—Azoury—Warmuth algorithm). Let A > 0, and
((wr, 2t))t=0 a sequence in R? x R. The associated Vovk-Azoury—Warmuth
iterates are defined as

t—1
)1 1 A
Ty = arg min { E (25 — (ws, )2 + = (wy, x)* + 2 ||33”§} , t=0.

z€R4 2 s=0 2

Lemma 4.5.2 (Lemma 1.11 and Theorem 11.7 in [CBLO06]). Let T > 0,
wo,...,wpr € R and A\ > 0. For all 0 < t < T, denote Sy = M\ +
St ywsw, . Then,

t=0

T d A\,
Zw:S{lwt < Zlog (1 + ;) ,
i=1

where A1, ..., Aq are the eigenvalues of Sp — AI.

Proposition 4.5.3. Consider the iterates (x4)i=0 defined as Definition 4.5.1,
ho(x) = 3 ||z[l5 and

t+1
1
ht+1/2(ﬂ§') = ht+1(£€) = 51’—'— <>\I + Zw&u?) x, t> 0.
s=0

Then,

(i) (ht),c1y is a sequence of reqularizers on R,
2
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(ii) ((ze, '8 zsws))i=0 is a sequence of UMD iterates associated with
(ht)sc1y and dual increments (zywy)i>o0,
2

(iii) for all T >0,

T

A, o dZ2 W2T
§e ) —l(2)) < = —Tlog (1 Ly I
2 (e(xt) — Le(z)) 2|’$H2+ 5 og( + )\d>

where
Zp = max |z| and Wp = max [|w|,.
0<t<T 0<t<T
Proof. (i) For t > 0, 47 + 3> wsw/ is symmetric positive definite as the
sum of a positive definite matrix (31) and positive semi-definite matrices. h;
is therefore the corresponding squared Mahalanobis norm, which is indeed
a regularizer on RY.
(ii) For t > 0, denote y; = ZZ;E zsws. Then,

Ty = argmin
z'eR4

= arg min
x/€RY

t—1

N | —

1 A
((ws, 2"y — z5)* + 3 (we, x)* + 5 HUCH%}

)
= o

[\MH

1 A
((ws,m’>2 — 2z, (ws, ') + zf) + 5 <wt,x'>2 + 5 |a:||§}

s=0
t—1 t
) 1 )\
= arg min < — (zsws, T) + 5 Z Ws, T 5 ”33”3
z/€R4 s=0 s=0
= Vhi (ys),

which can also be written y; € Ohy(z¢). Then, it also holds that

T = Vi (Y1) = VR o We1) = Vi (e + ze-1wi1),

hence the result.
(iii) Applying Lemma 2.5.2 gives with notation therein

(zowg, © — x) < Dy — Dyy1 + Df 4 hyy1(w) — he(x), t>0.

Summing gives

T T
(zewg, x — x1) < Do + Z D} + hpii(x) — ho(z).
t=0 t=0
Because iterates xq,...,x7 do not depend on hr,1, the above analysis can

be carried by hriq replaced by hr. Besides, xg = yg = 0 by definition,
which implies Dy = ho(z). Therefore,

(zywy, T — ) ZD* IIsz + x (Z wtwt> (4.3)

T

t=0
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For each t > 0, denote Sy = %I + ZZ:O wsw, and using Fenchel’s inequality
from Remark 1.4.3,

D; = hf+1(yt+1) = hi(yt) — (zwy, z4)
= Dy (Y41, Y1) + bi1 (Ye1) — by (Yes1)

< Dz (Ye+1,Yt) + (W1, Tea1) — hew1 (Te41) — Yea1, Tega) + e (241)
1

= §(tht)TSt_l(tht) — (W1, Te41)?,

(4.4)

where we expressed the Bregman divergence of a squared Mahalanobis norm.
Besides, the regret with respect to the actual loss function can be written
as follows:

5 () = 20 = (twn2) = 2?)
1 1
=3 (wy, 2)% — 5 (wy, ) + 2z (wy, & — x) . (4.5)

Combining (4.3), (4.4) and (4.5) together with Lemma 4.5.2 gives the result.
O



Chapter 5

Blackwell’s approachability

Blackwell’s approachability is a very general and somewhat abstract frame-
work for sequential decision problems, where the Decision Maker obtains
after each step an outcome vector in e.g. R%, that depends on its decision
and the decision of Nature through an outcome function. The original ques-
tion was the following: given a subset of R? called the target, and assuming
that the outcome function is bounded, what are the conditions on the out-
come function and target set such that the Decision Maker has an algorithm
which guarantees that the average outcome vector converges to the target
set? And when such a conditions is satisfied, what algorithm does guar-
antee such a convergence? This framework contains regret minimization,
many variants of regret minimization, and other problems such as asymp-
totic calibration in statistics.

In our presentation, we restrict to target sets that are closed convex
cones, which contain all special cases that are of interest to us, and simplifies
the link with the tools from previous chapters. This link allows in Section 5.4
below the conversion of online linear optimization algorithms into approach-
ability algorithms. Then in Section 5.5, the problem of regret minimization
on the simplex is revisited from an approachability point of view and new al-
gorithms are derived. Among them are the important regret matching (RM)
and regret matching+ (RM+) algorithms which demonstrate excellent per-
formance in practice, in particular in the context of learning in games. In
Section 5.6, several other applications are presented.

We start with a few definitions and properties about closed convex cones.

5.1 Closed convex cones

The proofs are left as exercises.

Definition 5.1.1. A nonempty set C C R? is a closed convex cone if it is
closed and if for all z,2’ € Cand A €0, 2z + 2’ € C and Mz € C.

95
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Proposition 5.1.2. A closed convexr cone is convex.

Remark 5.1.3. A closed convex cone C being nonempty, closed and convex,
the Euclidean projection onto C is well-defined and denoted Il¢.

Proposition 5.1.4. For all x € R? and A > 0, Ile(\z) = A¢().

Definition 5.1.5. Let A C R?. The polar cone of A is the set
A° = {yeRd, Ve € A, (y,x) éO}.

Proposition 5.1.6. A polar cone is a closed convex cone.
Proposition 5.1.7. If C is a closed convexr cone, then C°° = C.

Proposition 5.1.8. The negative orthant R% is a closed convex cone and
its polar cone is the positive orthant Ri.

Theorem 5.1.9 (Moreau’s decomposition theorem). Let C C R? be a closed
convex cone. For all z € R?, it holds that:

v =Tle(a) + leo (),

where Ilg and llgo denote the FEuclidean projection onto C and C° respec-
tively.

5.2 Framework

Let A, B be two nonempty sets with no particular structure, and g : AxB —
R<. The elements of A (resp. B) are called the actions of the Decision Maker
(resp. of Nature). g is called the outcome function. At step t > 0,

e the Decision Maker chooses action a; € A,
e Nature chooses action b; € B,
o outcome vector ry := g(ay, by) € R< is revealed.

We aim at defining algorithms which guarantee some bound on the distance
of the average or cumulative outcome vector to a given closed convex cone
C C R? called the target.

With no assumption, it is not possible for the Decision Maker to ensure
the convergence of average outcome vectors to the target set, as the outcome
function may very well output vectors which are far away from the target.
The following assumption corresponds to a favorable case, which in the case
where ¢ is bounded, can be proved to be a characterization of the Decision
Maker having an algorithm ensuring convergence to C.
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Definition 5.2.1. A closed convex cone C satisfies Blackwell’s condition
with respect to outcome function g if there exists o : C° — A such that

Ve eC®, Vbe B, (g(a(z),b),z)<0.
« is then called an oracle associated with C and g.

Remark 5.2.2. It follows from the above definition that when Blackwell’s
condition is satisfied, there exists an oracle satisfying

=Xz forsome >0 = o) =a(z). (5.1)

Remark 5.2.3 (Geometric interpretation of Blackwell’s condition). Black-
well’s condition means that for any given hyperplane containing the target,
the Decision Maker has an action which forces the next outcome vector to
belong the same side of the hyperplane as the target, regardless of Nature’s
action. An equivalent, and more informal interpretation is the following.
Starting from a point y € RY, the “direction to C” is Il¢(y) — v, which by
Moreau’s decomposition theorem belongs to —C°. C° is in fact the set of all
possible opposite “directions to C”. Blackwell’s condition is then equivalent
to saying that: given a “direction to C”, the Decision Maker can ensure that
the outcome vector will not be in the opposite of that direction (in the sense
of a negative dot product).

In some situations, it is easier to establish the following equivalent dual
condition, which however does not constructively provide an oracle.

Proposition 5.2.4 (Blackwell’s dual condition). Assume that A and B are
convez sets of finite dimensional vector spaces such that A is compact and
outcome function g is bi-affine. Then, a closed convex cone C C R? satisfies
Blackwell’s condition with respect to g if, and only if,

Vvbe B, dac A, g(a,b)€C.
Proof. Blackwell’s condition can be written

; b < 0.
1;%%)0( géli‘l Igleaé( <g(a7 )7 l’> =X

Since the above dot product is affine in each of the variables a, b and x, by
applying Sion’s minimax theorem twice, the above is equivalent to

i b), z) <
max min max {g(a, b), z) <0,

which is exactly the dual condition. O

Several examples of problems that fit into this framework are presented
in Section 5.6 below.

For the remaining of this chapter, C will be a closed convex cone sat-
isfying Blackwell’s condition with respect to outcome function g and « an
associated oracle satisfying condition (5.1).
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5.3 Blackwell’s algorithm

We consider the framework and notation introduced in the previous sec-
tion. In the case where the given target satisfies Blackwell’s condition and
an associated oracle is known, Blackwell’s original algorithm is defined as
follows.

Definition 5.3.1. The actions given by Blackwell’s algorithm are defined

t—1
a; = « (Hco (er>> , t>=0,
s=0

where Il¢o denotes the Euclidean projection onto C°.

Remark 5.3.2 (Geometric interpretation of Blackwell’s algorithm). Given
the sum of past outcome vectors R;_1 := Zi;%) rs, Blackwell’s algorithm
chooses action a; that ensures that the next outcome vector r; will not be
in the opposite direction (in the sense of a negative dot product) of R;_;
to C (which corresponds to Il¢(Ri—1) — Ri—1 = —Ilgo(Ri—1) by Moreau’s

decomposition theorem).

Remark 5.3.3. An important feature is that Blackwell’s algorithm does not
involve any parameter or step-size to be chosen. It is said to be parameter-
free.

The above statement first gives a general guarantee for Blackwell’s al-
gorithm with no additional assumption. In the case where the outcome
vectors are bounded, the distance of the cumulative outcome to the target
is bounded as v/T'; consequently, because of the cone structure of the target,
the average outcome vector converges to the target at speed 1/ VT. This
result is a special case of the general construction and analysis presented in
Section 5.4 below, but we here give an elementary proof.

Proposition 5.3.4 (Guarantees for Blackwell’s algorithm). If C C R? is
a closed conver cone satisfying Blackwell’s condition, Blackwell’s algorithm
guarantees for all T > 0,

T

Z?}-T

t=0

min
reC

T

2

<[ D20 3
t=0

Consequently, if there exists L > 0 such that ||r¢||, < L for allt > 0,

2

T

E Ty —T

t=0

<IVT +1.

2

min
reC
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Proof. For all t > 0, denote Ry = Zizl r¢ (and R_y = 0) and II; = II¢(Ry).
min || Ry — rl3 = 1R = 0|3 < Ry = T ||3 = | Recr + 7o — T
= ||Ri—1 — Ht—lH% +2(Ri—1 — My, 7me) + ||7“t||§

We bound the above dot product using Moreau’s decomposition theorem as
follows:

(Ri—1 —Ii—1,7m¢) = (Re—1 — He(Re—1),7¢)
= (Hco (Re-1), g(a(Ilee (Ri-1)), be)) <0,

where the last inequality holds by definition of Blackwell’s algorithm and
the equality by definition of oracle a. Therefore,

. 2 . 2 2
min |Re —r||” < min [Re—1 —7(|” + [lrell5 -

The result follows from summing over t =0,...,7T. ]

5.4 Regret-based approachability algorithms

We present a scheme which converts an online linear optimization algorithm
into an approachability algorithm. In particular, we transpose the guaran-
tees of DA with time-dependent parameters from Section 3.2 and of OMD
with time-dependent step-sizes.

The following statement gives an alternative expression of the distance
to the target, measured by an arbitrary norm.

Proposition 5.4.1. Let ||| be a norm in R? and B the corresponding
closed unit ball. Then,
. / d
= - € R
max (y,z) g}gclHy ull,. v
Proof. Let y € R?. Using the definition of the dual norm and Sion’s minimax
theorem,

inf ||y — = inf su — 4/, x) = sup inf x) —{(y,z)}.

It l" = wll. = inf sup {y —y/,x) = sup inf {(y.) — (/. )}
Suppose z does not belong to C°. Then, there exists y, € C such that
(yp,x) > 0. C being closed by multiplication by R, the quantity (y',x)
(with ¢/ € C) can be made arbitrarily large by selecting ¢y’ = \y(, and letting

A — 400, and thus the above infimum is equal to —oc. Therefore, we can
restrict the above supremum to C° N B. We thus have

inf Hy’ — yH* = sup {(y,x} — sup <y',m>} .

y'ec zeC°NB y'ec
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The above embedded supremum is zero because for x € C° N B and ' € C
we obviously have (y',x) < 0, and 0 is attained with ¢’ = 0. Finally,

. /7 _
el =l = s o).

O]

The following lemma relates a general class of quantities that can mea-
sure the distance of the sum of outcomes vectors to the target with a quantity
that can be interpreted as an regret in an auxiliary online linear optimization
problem.

Lemma 5.4.2. Let Xy C R? a nonempty closed bounded set, (xt)i=0 a
sequence in C°, (bt)i=0 a sequence in B, and for allt > 0, ry = g(a(z:), br).
Then for all T > 0,

T T
max g T, T ) < max (re, @ — x4)
zE€Xp =0 z€Xp =0

Proof. For all t > 0, because « is an oracle,

(re,xe) = (g(a(ar), b)), xe) < 0.
The result follows. O
Our conversion scheme can be summarized as follows.
o Choose closed sets Xy C X C C°, where X is nonempty and convex;
e choose an online linear optimization algorithm on X and

— use it with (r;);>0 as payoff vectors,
— get output (x¢)i0 in X,

— choose actions a; = a(x;) (¢t > 0) in the initial approachability
problem.

Then, according to Lemma 5.4.2, quantity max,cx, <ZtT:0 T, ;U> is bounded
from above by the regret bound that is offered by the online linear optimiza-
tion algorithm.

In particular, any UMD iterates with regularizers on X can be converted.
We here focus on two special cases: DA with time-dependent parameters and
OMD with time-dependent step-sizes.

Proposition 5.4.3 (DA for approachability). Let K,L >0, ||-| a norm in
R?, closed sets Xy C X C C° where X is convex, and h a reqularizer on X
which is K-strongly convex for || -||. Assume that
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e forallt >0,

t—1 .
. 2K (maxy, h — min h)
at=a|Vh (nt E 7’5>> where ny = \/ 5 0 ,
( ~ L2(t+1)

o forallt >0, |rl, <L,

e maxy, h < +o00.

Then for all T > 0,

T .
2(maxy, h —min h)(T + 1)
< .

?6%35<Z”’x> \L\/ K

t=0

Proof. Combine Proposition 3.2.6 and Lemma 5.4.2. O

Proposition 5.4.4 (Blackwell’s algorithm is a special case of DA). Let
(mt)e0 be a positive sequence and hy = 3 || - ||§+ICO the Euclidean regularizer
on C°. Then, Blackwell’s algorithm coincide with dual averaging associated
with regularizer hy and parameters (M¢)e=0-

Proof. For all t > 0, using Proposition 2.2.5 on the properties of the Eu-
clidean regularizer, the DA algorithm can be rewritten as

o)) o (57
=a (m Tleo (gn» = (Hco (SZ%”>> ;

where we used Proposition 5.1.4 for the third equality and where the last
inequality holds because oracle « satisfies condition (5.1) by assumption.
This indeed coincides with the definition of Blackwell’s algorithm from Def-
inition 5.3.1. O

Remark 5.4.5. Blackwell’s algorithm being parameter-free, the above result
shows that in the special case of the Euclidean regularizer on C°, the actions
chosen by dual averaging do not depend on the parameters (7;)>0.

Proposition 5.4.6 (OMD for approachability). Let K,L,R > 0, ||| a
norm in R?, closed sets Xy C X C C° where X is convex, H a mirror
map compatible with X which is K-strongly convex for ||-||, and z¢g € X N
intdom H. Assume that
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e forallt >0,

_ RVK
T IVird

Tyr] = arg H)l(aX {{(VH(x¢) + wre,x) — H(x)}
S

at41 = a($t+1),

o forallt>0, ||re]], <L,

o forallt >0, maxgex, Du(x, ) < R?.

Then for all T > 0,

T
2(r+1)
< RLA| ——.
Proof. Combine Proposition 3.3.14 and Lemma 5.4.2. O

In the case of the Euclidean mirror map, OMD is called Online Gradient
Descent (OGD). We now consider the corresponding approachability algo-
rithm which we call greedy Blackwell, and which can be considered as the
counterpart in the OMD family of of Blackwell’s algorithm. We establish
below the same guarantee as for Blackwell’s algorithm in Proposition 5.3.4.

Definition 5.4.7. The actions of the greedy Blackwell algorithm are given
by xg =0, ap = «(0) and for ¢ > 0 by

ZTyp1 = Heo(xy + 1) and  apy1 = a(T41).

Proposition 5.4.8 (Greedy Blackwell is OGD for approachability). Let
~v > 0. The greedy Blackwell algorithm coincide with OGD on C° with initial
point xg = 0 and constant step-size 7.

Proof. Denote (z);=0 the sequence defined as in Definition 5.4.7 and ()0
the sequence from Proposition 5.4.6 associated with Euclidean mirror map
Hy = 3| |3 and X = C°. Let us prove that o} = ya; for all > 0. Tt is true
for t =0, as x, = zp = 0. Then, by induction, for ¢ > 1,

95;:+1 = Il¢e (952 + Wt) = Ilceo (%’Ut + ’W"t) = -Il¢o («Tt + Tt) = YT¢+1,

where we used Proposition 5.1.4 for the penultimate equality. The result
follows from property (5.1). O

Remark 5.4.9. Like Blackwell’s algorithm, the greedy Blackwell algorithm
is parameter-free.
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Proposition 5.4.10. The greedy Blackwell algorithm guarantees for allT >
0,

min
reC

T T
ZT}—T < ZHTtHg
t=0 t=0

Proof. According to Proposition 5.4.8, the greedy Blackwell algorithm cor-
responds to OGD on C° with g = 0 and any step-size v > 0. Then the
DA regret bound from Proposition 3.2.5 (applied with constant mirror map
H = Hy/~) gives, for all z € C° and T > 0, with notation therein,

2

T T
Z<Tt,96—l’t> < Do+sz7
t=0 t=0
where
1 2 My HrtHg
DO = % ||.TH2 aﬂd Dt = _DH* (VH(xt) =+ Tt, VH(flft)) = 77

because the Bregman divergence corresponds to the Euclidean distance in
the case of the Euclidean mirror map and because H* = % |- 115 as seen
in Example 1.4.7. The above is true for all v > 0. In particular, v =

—1
(Vo lirell3) — vields

T

T

1 2 2

> iz =) < 5 (23 +1) | D Irel3
t=0

t=0

Using Lemma 5.4.2 and Proposition 5.4.1 (applied with Xy = C° N By where
Bs is the closed Euclidean unit ball) then gives the result. O

5.5 Approachability-based regret minimization on
the simplex

In this section, we consider the online linear optimization problem on the
simplex and rewrite it as an approachability problem. This approach yields
new algorithms. In particular, the Blackwell and greedy Blackwell algo-
rithms give in this case the so-called regret matching (RM) and regret
matching+ (RM+) algorithms respectively.

In this section, (at)¢>0 denote the actions of the Decision Maker in the
simplex Ay and should not be confused with (z;)¢>o which can be interpreted
as the output of auxiliary online linear optimization algorithms, which be-
long to R%, but not necessarily to Ag.

Denote 1 = (1,...,1) € R%
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Proposition 5.5.1 (Hart-Mas-Colell reduction). Consider the framework
and notation from Section 5.2 with action sets A = Ay, B = R?, and
outcome function g : (a,u) — u — (u,a) 1.

(i) R satisfies Blackwell’s condition with respect to g, with

d
reR
ag ifx =0, +

(@) = {x/nxul ife#0

where ag € Ag, being an associated oracle.

(ii) Let (z¢)i=0 and (ug)i=o0 sequences in X and RY respectively, let a; =
a(ze) and e = glag,ue) for allt > 0. Then, for all T >0,

T T
max U, T — Ap) = Mmax E T, T ).
Z‘GAd < ’ > Z‘EAd ’

t=0 t=0

Proof. (i) Let x € (R%)° = R%. If 2 = 0, the dot product from Blackwell’s
condition is zero for any value of a(x). If z # 0, because (1, z) = ||z||,, for
all u € R?,

vt ~{o (i) )~ o (o))

= (u,z) — <u’xle> (1,2) = (u,z) — (u,z) = 0.

(ii) For all x € Ay,

T T T
<Z Tt,x> = <Z g(ut,at),x> = Z (ug — (ug, ag) 1, )

In the approachability problem described in Proposition 5.5.1, we now
examine the Blackwell’s algorithm and the greedy Blackwell algorithm. They
are first defined below with their simplest expressions and then related to
Definitions 5.3.1 and 5.4.7.

For y € R, denote y the corresponding vector obtained by taking the
positive part in each component, in other words,

R )

1<i<d
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Definition 5.5.2. Let (u¢);>0 be a sequence in R? and ag € Ag.

o The regret matching (RM) algorithm gives for all ¢ > 0,

-1
Y.+ .
: if 4 = (Z (us — (us, as) ]l)) #0
pa . >0

ar = Nyl N

agp otherwise.

o The regret matching+ (RM+) algorithm is defined as xy = 0 and for
all t > 0,

ar = { ey
ag otherwise,

Tep1 = (T +ue — (ug,a0) 1)
Proposition 5.5.3. (i) RM (resp. RM+) corresponds to Blackwell’s al-

gorithm (resp. the greedy Blackwell algorithm) in the approachability
problem and oracle described in Proposition 5.5.1.

(ii) Against a sequence of payoff vectors (us)i=o in R, with notation from
Definition 5.5.2, both RM and RM+ guarantee for all T > 0,

T

max » (ug,x —ag) < Z s — (ug, a) 13-
TEA =0

(tit) Moreover, if there exists L > 0 such that ||u| . < L for allt > 0, both
RM and RM+ guarantee for all'T > 0,

T
max Y (ug,x —ap) < 2L/d(T +1).
LUEAd
t=0
Proof. (i) Because (R?)° = R%, and considering the oracle a from Proposi-
tion 5.5.1, establishing HRi (y) =y, for all y € R? will make the definition of
Blackwell’s algorithm (resp. the greedy Blackwell algorithm) coincide with
RM (resp. RM+). Let y € R%.

d
HRi(y) = argmln Hy — sz = argmln Z yi)?
y'ERY Y1r¥g20 =1
(gt~ (o)
yz>0 1<i<d 1<’L<d

= Y+-
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(ii) then follows by noticing that Ay C R% N By (where By is the closed
unit Euclidean ball), and combining Proposition 5.4.1 with the guarantees
for RM and RM+ from Propositions 5.3.4 and 5.4.8.

(iii) simply follows by writing for ¢ > 0,

e = (s ae) Ul < Nouglly + (as ae) 1Ly < Vel oo + el lacly 121,
<

Va|luell o + lluello laelly Vd < 2LV,
O

Remark 5.5.4. The regret bound of order v/dT from (iii) in the case where the
payoff vectors (u):>0 are bounded by L with respect to || - ||, is suboptimal:
recall that the exponential weights algorithm achieves the optimal /T logd
regret bound in Proposition 3.4.4. However, the latter bound needs prior
knowledge of L for use in the value of the parameters. In contrast, RM
and RM+ are parameter-free and achieve the interestingly adaptive regret
bound (ii) with no prior knowledge whatsoever.

The RM and RM+ regret minimization algorithm are of high importance
because of their simplicity, ease of implementation, their adaptive character,
and their excellent practical performance, in particular in the context of
learning in games.

5.6 Further applications

We quickly mention a few problems that are variants of regret minimiza-
tion and that can be solved using regret-based approachability algorithm
from Section 5.4 and that either cannot be solved directly using online lin-
ear/convex optimization algorithms, or that can but for which the latter
do not directly give optimal guarantees. The approach has a systematic
character:

« find actions sets A, B, outcome function g : A x B — R%, and closed
convex cone C satisfying Blackwell’s condition with respect to g;

o find set Xy C C° such that for sequences of actions (a;)i>0 and (b;)i=0
in A and B respectively, quantity

T
b
max <; glar,by), 1‘>
is equal or is an upper bound on the quantity of interest in the initial

problem;

e choose a closed convex set X such that Xy C X C C° and a sequence
of regularizers (h;),c1y on X
2
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o consider UMD iterates associated with regularizers (h;) and dual

teIN
increments (g(a¢, bt))i=0;

e transpose corresponding guarantee using Lemma 5.4.2.

We only present below each problem and its reduction to and approach-
ability problem. The choice of an algorithm in the latter and the derivation
of the corresponding guarantee are left as exercises.

Regret minimization with global costs The problem of regret mini-
mization with global costs is motivated by load balancing and job scheduling,
where at each step, the Decision Maker first chooses a distribution (task al-
location) over d machines, and then observes the cost of using each machine,
which may be different for each machine and each step. The goal of the De-
cision Maker is to minimize, not the sum of the cumulative costs of using
each machine, but a given function of the vector of cumulative costs. A
typical example of such global cost function is the £, norm, which includes
as special cases the sum of the costs (for p = 1), as well as the makespan
i.e. the highest cumulative cost (for p = 00).
Assume d > 2 and let || - || be a norm on R%. At step ¢ > 0,

o the Decision Maker chooses a; € Ay;
o Nature chooses loss vector ¢; € [0,1]%.

The Decision Maker aims at minimizing the following regret:

T 1 T
ZatGEt TZCL@&
t=0 t=0

where ® denotes the component-wise multiplication. At each step ¢t > 0,
the i-th component of vector a; ® ¢ is equal to a;;¢; which corresponds
to the cost of using machine 7 for a fraction a;; of the job. The regret
is the difference between the actual global cost incurred by the Decision
Maker and the best possible global cost in hindsight for a static distribution
a € Ay. Important special cases include the makespan which corresponds
to ||-]] = |- ]|o: the global cost is then the highest average cost over the
machines; and for ||-|| = ||-||; the global cost simply corresponds to the
sum of the costs of all the machines, and the problem then reduces to basic
regret minimization on the simplex.

This problem can be reduced to an approachability problem by consid-
ering A = Ay, B = [0,1]¢, outcome function g : A x B — (R%)?2 defined
as

) T>O7

— min
a€Ny

g(a,0) = (a©£,0), ae Ay Le]0,1]%,
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and target set

¢ ={ /) e @2 1ol < mip o v |
a€Ay
which can be proved to satisfy Blackwell’s condition.

Online combinatorial optimization Let d,m > 1 be integers. Let
Z ={1,...,d} and P a set which contains subsets of Z of cardinality m.
Denote A(P) the unit simplex in R, At step ¢t > 0,

o the Decision Maker chooses a; € A(P);
« Nature chooses and reveals v; € R

o the Decision Maker draws p; ~ a; and gets payoff > Vg -

1EPE

The quantity to minimize is the following regret:

T T
max E E Vg — E E V-
peEP "’ .

t=0 i€p t=0 i€p;

This problem can be seen as a basic regret minimization problem on finite
set P, and payoff vectors (3_;c, vi)pep which belong to [—m, m] as soon
as we assume v € [—1,1]%. The exponential weights algorithm would then
guarantee a regret bound of order m+/T log|P| by Proposition 3.4.4. How-
ever, it is possible to take advantage of the structure of the problem and
to construct an algorithm which guarantees a significantly better bound, of
order m+/T log(d/m), which is known to be optimal. This is possible by
reducing the problem problem to a well-chosen approachability problem.
Let A be the d x |P| matrix defined by A = (l{iep})gg}%y and for each

p € P, let ey = (Ljepy)ier € R?. We consider action sets A = A(P) and
B = [-1,1]¢, outcome function

gla,v) =v — (1)1;1a>1 eRY aeA(P), vel-1,1)¢

and target set C = A(A(P))° where A(A(P)) denotes the image of the set
A(P) via A seen as a linear map from RY to R?. C can then be proved to
satisfy Blackwell’s condition.

Internal and swap regret We here consider the same framework as in
Section 3.4, only the quantity to be minimized is different. At step ¢t > 0,

e the Decision Maker chooses a; € Ay,

 Nature chooses and reveals v; € RY,
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e the Decision Maker draws i; ~ a;.

Let ® be a nonempty subset of ZZ. The quantity to minimize is the ®-regret

defined as
T T

max 2 Vtp(iy) — ; Vi

and can be interpreted as follows. For a given map ¢ € @, ZtT:() Vg p(iy) 18
the cumulative payoff that the Decision Maker would have obtained if he
had chosen ¢(7) each time he actually chose i (for all i € 7). The ®-regret
therefore compares the actual cumulative payoff of the Decision Maker with
the best such quantity (for ¢ € ®) in hindsight. Is is possible to construct
an algorithm which guarantees on the ®-regret a bound of order /7 log |®|
by reducing this problem to a well-chosen approachability problem.

Consider action sets A = Ay and B = [-1,1]%, outcome function

1€L

g(a,v) = (Z ai(Vp(s) — U1)> . a€lg veRY
ped

and target set R®, which can then be proved to satisfy Blackwell’s condition.

An important special case is when @ is the set of all transpositions of Z,
in other words, the set of maps ¢ : Z — 7 such that there exists i # j in 7
such that

(i) =34, @()=1, and o(k)=Fkforall k¢ {i,j}.

The ®-regret is then called the internal regret and can be written

T
max Y L, =iy (s — vei)-
i,jELT =0



Chapter 6

Gradient methods in
optimization

Let X € R? be a nonempty closed convex set.

6.1 Lipschitz convex optimization

Let L > 0, ||| a norm in R f : R? — R a convex function that is L-
Lipschitz continuous for ||| and that admits a minimizer on X', meaning
there exists x,. € X such that

f(@:) = min f().

zeEX

The following statement, when used with = = x,, relates the minimiza-
tion of f on X using subgradients with a quantity that can be interpreted
as a regret in an online linear optimization problem. All algorithms and
results below are then transpositions of familiar online linear optimization
algorithms together with their guarantees.

Lemma 6.1.1. Let (x4)i>0 and (g)i>0 sequences in RY such that g; €
Of (x¢). Then for all positive sequence (v;)i=0, © € R? and T > 0,

-1 7
ogng () = (Z %> Z (rege o — ) -

t=0

Proof. For all t > 0, the definition a subgradient gives

f(xe) — f(z) < g, 2 — 7).

Multiplying by ~; and summing over t = 0,...,7T and dividing by 2;[:0 Ve
gives

ST yf() LN
s (R (Z%) > (nge v — x)
tho Tt t=0 t=0

70
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The result follows. O

We first consider the following very general extension of projected (sub)gradient
descent, which writes xy11 = Iy (xs — yeg:) (t = 0), and then derive several
corollaries.

Proposition 6.1.2 (Strict UMD iterates for Lipschitz convex optimization).
Let K, R > 0, h a regularizer on X such that z. € domh and which is K-
strongly convex for || - ||, and ((xt,yt))i=0 a sequence of strict UMD iterates

associated with reqularizer h and dual increments (—yigt)i>0 where g; €
Of (z¢) for allt > 0.

(i) Let T > 0. Then,
T -1 2 7
. . 2
Jmin f(2) = f(.) < <; %) (Dh(w*,wo, w) + 57 2 %) :

(i) Let v > 0. If vy = yWV2K /(L\/t + 1) for allt > 0, then

) L Dy (24, z0; yo)
- * <
Ogngf(xt) f(zs) 7T ( S

+ (1 +1log(T + 1))> )
(iii) If Dy (24, z0; yo) < R?, then v = R yields,

min () = /(@) <

(2+1log(T+1)).

~

Corollary 6.1.3 (DA for Lipschitz convex optimization). Consider the as-
sumptions from Proposition 6.1.2. In particular, the same guarantees hold

if:
t—1
xy = Vh* (yo — Z’ysgs> , t>0,
s=0

In the context of optimizing a unique objective function, online mir-
ror descent is called mirror descent (MD). Proposition 6.1.2 reduces to the
following.

Corollary 6.1.4 (MD for Lipschitz convex optimization). Let K, R,y > 0,
|-l @ norm on R* , H a mirror map compatible with X and K -strongly
convez for || - ||, zo € X Nintdom H and for allt > 0,

Typq = arg Iﬁin {(VH (zt) — vge, x) — H(z)}
Te

where g; € Of(x¢) and v = yW2K / (Lt + 1).
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(i) Let T > 0. Then,

. L (Dyl(w.,0)
— <
Juin f (zt) = fs) < SIoT ( S

+ (1 + log(T + 1))> .

(ii) If Dy (2., z0; yo) < R%, then v = R yields,

Ogingf(xt) — f(z4) < \/]2% (24 log(T +1)).

Corollary 6.1.5 (Projected GD for Lipschitz convex optimization). Assume
that f is L-Lipschitz continuous for || -||5. Let R,y >0, zg € X and for all
t>0,

i1 = Iy (2 — 1ege),

where g, € Of (z4) and vy = Y2/ (Lt + 1).
(i) Let T > 0. Then,

L . — xpol|?
Jmin, f(a1) = f(2) < = (”x 27:60”2+v(1+10g(T+1))>-

(it) If 3 ||z. — 0|5 < R?, then v = R yields,

min_ f(z) — f(z.) <

RL
—— (2 +log(T +1)).
Jmin o7 (2 +1og(T'+1))

The convergence speed obtained in the above statement in (log T')/v/T.
Although not an issue in practice, it is possible to shave off the logT" factor
using DA with time-dependent parameters instead of time-dependent step-
sizes.

Proposition 6.1.6 (DA with time-dependent parameters for Lipschitz con-
vex optimization). Let K,R,n > 0, h a regularizer on X such that x, €
dom h and which is K -strongly convex for || - ||, yo € R? and

t—1
xy = Vh" <77t <yo - th)) , =20,
t=0

where g: € Of (xt) and ny = V2K /(L\/t+ 1) for allt > 0.
(i) Let T > 0. Then,

ngigan(xt) — f(s) <

(h(ac*) ; min h N 77) QK(I;UF -~
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(ii) If h(z,) — minh < R%, then n = R yields for all T > 0,

2
Ofgigan(wt) — f(zs) < LR KT+1)

Proof. Combine the regret bound for DA with time-dependent parameters
from Proposition 3.2.6 with Lemma 6.1.1 applied with constant v = 1
(t>0). O

All above guarantees need prior knowledge of Lipschitz coefficient L
because some parameters of step-sizes must be chosen accordingly to obtain
the best bound.

6.2 Smooth convex optimization

Let L > 0, ||-|| be a norm in R? and f : R? — R be a convex that is
L-smooth for || -||, and that admits a minimizer on X, meaning there exists
Ty € X such that

zeX

We first give the following very general extension of gradient descent with
constant step-size and then derive corollaries.

Proposition 6.2.1. Let K > 0, h a reqularizer on X such that x, €
domh and which is K-strongly convex for |- || and ((x¢,y:))i=0 a sequence

of strict UMD iterates associated with regqularizer h and dual increments
(=LY f(21))iz0. Then for all T >0,

L Dp(z, x0; yo)

flar) = o) < M0 0

Proof. Lett > 0. The characterization of smoothness from Proposition 1.6.4
gives

L 2
Dy(zer1,2e) < 5 lzen — 2™
Moreover, using the strong convexity of h, we can write

L
Df(xt-‘rlvxt) < EDIIH (6'1)

where Dj = Dp(xt41,2; yt). Applying Lemma 2.4.1 for any = € domh
gives, with notation therein:

K
D1 < Dy + T (Vf(xe),z — 1) — D
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Using (6.1) and the convexity of f, we obtain

K K K
Diji < D+ — (Vf(xy), o —ap) + — (Vf(ar), 2 — x441) — —Dy(Teq1, 24)

L L L
=Dy + % (f(@) = (@) = (V(20), 20 — wr41) — Dy (@41, 21))
= Dot T (@) = flaer)).

Applying the above for x = x; (which is possible because z; = VhA*(y;) does
belong to dom h) gives

f(@e1) — fze) < L(Dplze, 25 ye) — Drl@e, Te1s Yes1))
= —L-Dp(x, 115 yeg1) < 0.

Then, considering * = x, (which belongs to domh by assumption) and
summing gives

T

T(f(or) ~ 1) < 3 (Faeen) = f(2)) < g Dalresv; o)

I
—

Il
o

hence the result. O

Corollary 6.2.2 (DA for smooth convex optimization). Let h satisfying the
assumptions from Proposition 6.2.1, yo € R¢ and

t—1
L
;= Vh* (yo - szf(xs)> , t=0.
s=0

Then for all T > 0,

L Dp(xy, xo;
flor) — f(a) < 2020 W0)

Corollary 6.2.3 (MD for smooth convex optimization). Let H be a mirror
map compatible with X and K -strongly convex for || ||, xo € X Nint dom H

and
K
Tyl = arg max {<VH(3:t) - Vf(:ct),a:> — H(x)} , =0,
TEX L
Then for all T > 0,

DH($*7J;0)

fler) = (o) < ot
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Corollary 6.2.4 (Projected GD for smooth convex optimization). Assume
that f is L-smooth for || -||5. Let zg € X and

K
1 = (mt - va(%t)) , t=20.
Then for all T > 0,

L ||mo — z.f3

f($T)_f($*) < oT , T'>0.

All above guarantees need prior knowledge of L.

6.3 Nesterov’s acceleration

We consider the same smooth convex optimization problem as in Section 6.2,
where smoothness is with respect to a given norm || - ||. We now define and
analyze an extension of Nesterov’s accelerated gradient. This algorithm
improves the convergence rate from 1/T to 1/T2.

Proposition 6.3.1 (Accelerated UMD for smooth convex optimization).

Let K > 0, h a regularizer on X such that x, € domh and which is K-
strongly convex for || - ||, (7¢)i=0 and (A)i=0 positive sequences. Let ((vy, wy, x4, wy) )10
a sequence in (R such that

e Vg =wp=2x9 = Vh*(v),

o ((zt,yt))t=0 ts a sequence of strict UMD iterates associated with regu-
larizer h and dual increments (—vV f(w¢))e=o0,

e Forallt >0,

Wy = (]. - )\t)Ut + )\txt; (62)
Vi1 = (1 — )\t)vt + AeZpg1- (63)

where vo = 1/L and for all t > 0,

14+ /1 4+ (2L;)? 1
+ + (2L and N

Yt+1 = 27, )

Then, for all T > 0,

AL Dy (x4, x0; Yo)

flor) = fon) < =100

With first gather a few properties that are immediate from the above
definition.
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Lemma 6.3.2. With assumptions from Proposition 6.3.1, fort > 0,
(i) A €(0,1),
(ii) wy — xp = (A1 — 1) (vp — wy),
(i) At = w1 (Agh — 1) =0,
K(T-&-I)Q'

(iv) For T >0, ypAp' = S gy = 207

Sequence (2, y¢)t>0 being strict UMD iterates, the following statement
follows from Lemma 2.4.1.

Lemma 6.3.3. With assumptions from Proposition 6.5.1, for T > 0,

T T

Z% (Vf(we), e41 — T4) < Dp(w4, 05 yo) — ZDh($t+1,$t; Yt)-
t=0 t=0

Proof of Proposition 6.3.1. Let t > 0. Using the definition of smoothness of
f between points w; and vgyq:

L
foerr) = fwe) <V f(we), ver1 —wy) + 5 [vp1 — wel|”
L)?
= M (Vf(wy), w11 — 24) + Tt [EA—ak

L)\?
<M (Vf(wy), ke — x) + Tch(SUtH,CUt; Yt)s

where we used relation (6.3) from the definition of the algorithm to get the
second line, and the K-strong convexity of h (Proposition 1.6.4) to get the
third line. Multiplying by Ly?/K and simplifying gives:

YA (F(oe1) — Fwe)) < v (VF(we), Tes1 — 24) + Dp(@egn, 25 ye). (6.4)
Besides, we can write

eyl — Tt = (Tpr1 — o) + (6 — we) + (W — 2)

= (@41 — @) + (@0 —wy) + (A7 = 1) (v — wy),

where the second line uses relation (ii) from Lemma 6.3.2. Injecting the
above into (V f(wy), 141 — o) gives:
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Combining inequalities (7.4) and (7.3), and summing over ¢t =0, ..., T gives:
T T
z’YtAfl (f(veg1) = f(we)) < Dp(@+, w05 yo) — Z Dp (@41, 245 Yt)
t=0 t=0
T T
+ > () = fw)) + ) v = 1) (o) = flwr))
t=0 t=0
T
+ Z Dy (41,25 Yi),
t=0

where we used Lemma 6.3.3 to get the first two terms of the right-hand
side. Then, simplifying and moving all values of f (except for f(z.)) to the
left-hand side, we get:

T T
Do (e =1) = e )+ (it A = (A = 1) fwe)
t=0 t=1

T
+790\g ! = 1)f (v0) +vrAp" f(or41) < Dp(s, 205 o) + (Z ’Yt) flz
=0

The factor in front of f(w;) is clearly zero, as well as yo(\g* —1). The result
then follows by applying properties (iii) and (iv) from Lemma 6.3.2. O

Corollary 6.3.4 (Accelerated dual averaging for smooth convex optimiza-
tion). Let yo € R, xg = Vh*(yo) and for all t >0,

wp = (1 - )\t)vt + Ay,

t
Tii1 = Vh* (y() - ZVsz(wS)> ’

Vi1 = (1 = A)vg + N,

where h, (7)i=0 and (At)e=o0 satisfy the assumptions from Proposition 6.5.1.
Then for all T > 0,

4L - Dp(x«, z0;5 Yo)
KT?

f(UT)_f(fL'*)<

Proof. Corresponds to Proposition 6.1.2 where y;11 = y: — %V f(wy) for all
t>0. ]

Corollary 6.3.5 (Accelerated mirror descent smooth convex optimization).
Let H be a mirror map compatible with X, K -strongly convez for || -||, and
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such that x, € X Ndom H. Let xg € X Nintdom H and for all t > 0,

Wt = (1 — )\t)vt + )\txt,

Tyl = arfergin UVH(z) = vV f(w),z) + H(x)},

V1 = (1 = A vp + A,
where (V¢)e=0 and (At)i=o0 satisfy the assumptions from Proposition 6.5.1.
Then for all T > 0,
AL - Dy (x4, x0)
KT?

Proof. Corresponds to Proposition 6.1.2 where y; = VH(xz;) for all ¢ >
0. O

flor) = flzs) <

Corollary 6.3.6 (Accelerated gradient descent smooth convex optimiza-
tion). Assume that f is L-smooth for | -||,. Let o = vo = wo € R? and for
allt >0,

wy = (1 — )\t)Ut + )\tﬂj‘t,
Tey1 = ¢ — 7V f(wy),
vir1 = (1 — Ag)vg + Mewegn,

where (V¢)e=0 and (At)i=o0 satisfy the assumptions from Proposition 6.5.1.
Then, the above can be rewritten as

vir1 = wp — MV f(we)
Arr1(1 — Ag)

y (Vir1 — ve),

Wyl = Vet1 +

and for all T > 0,

2
Flor) — fla) < 2220 22l

Proof. The definition and the guarantee correspond to Corollary 6.1.4 with
H chosen as the Euclidean mirror map and K = 1. Besides, for ¢ > 0,

Vg1 = W + M(@pp1 — x) = wp — My V f (wy),
and

W1 = (1 — M) Vg1 + M1 Tep1 = Ve + Mgt (Te41 — V1)
= vpp1 + A1 (1 — M) (21 — vr)

A 1—A
N t+1( t)

)\t (Ut—‘,-l — Ut).

= Vt+1
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6.4 Stochastic nonsmooth convex optimization

Let f : R — R a convex function that admits a minimizer on X', meaning
there exists z, € X such that

zekX

We adapt the approach from Section 6.1 to the case where the algorithm only
accesses unbiaised stochastic estimators of the (sub)gradients. We present
a UMD-based generalization of the celerabrated stochastic gradient descent
(SGD).

Example 6.4.1 (Finite-sum optimization). Consider an objective function
f that is given as

fa) =~ 3 ilw)
=1

where each function f; : R? — R (1 < i < n) is convex. Important such
problems include empirical risk minimization, log-likelihood maximization,
etc. A possible way of reducing the per-iteration computational cost is to
replace, at each step t > 0, the computation of an exact (sub)gradient of
f at z; by the computation of a unbiaised stochastic estimator by drawing
an index i; uniformly, and considering a subgradient g; € df;,(x¢). Then, it
can be verified that indeed E [g¢|x¢] € Of (2+).

Lemma 6.4.2. Let ()10 and (g¢)i=0 be random sequences in R? such that
for allt > 0, Eg|x¢] € 0f(xt), and (y)e=0 a positive sequence, then for
all z € R4 and T >0,

0<t<T

E [ minf(z) - f(a:)] < (tTO %>1E

T
Z (yege, xt — 35)] .

= t=0

Proof. For t > 0,

T
E

(Vege, xt — x>] =E E [(vege, xe — x) !wt]]

t=0

T
>
t=0
T
=E Z% (E [g¢ | @], 24 —x)]
t;O
>

WV
=

>F @0 %> (g, £Gor) - f<w>>] ,

where the penultimate inequality uses the definition of a subgradient. Hence
the result. O
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Proposition 6.4.3 (Stochastic UMD for stochastic nonsmooth convex op-
timization). Let K, R,o > 0, h a regularizer on X such that x, € dom h and
which is K-strongly convex for || -||, and random sequences (z¢)i=0, (Yt)i=0
and (g¢)¢=0 in R? and (74)i=0 a positive sequence such that

o (z0,y0) is deterministic,

o ((zt,yt))t=0 is almost-surely a sequence of strict UMD iterates associ-
ated with regularizer h and dual increments (—y¢g¢)1>0,

o Elgi|ai] € 0f () for allt >0,
« E [HQtHQ ’ th} < o? forallt > 0.

(i) Let T > 0. Then,
T -1
E |:Og1<an($t) (x*):| < (tzzg ’7t> <Dh($*,x0; yO) + 20-? Z_:%?) .

(i) Let v > 0. If vy = yW2K /(ov/t+ 1) for allt > 0, then

E[Ogltngfm) f(x*>}< i (Dh(x*’“; y0>+v<1+1og<T+1>>).

2KT v

(iii) If Dp(z«, z0; yo) < R2, then v = R yields,
Ro
2KT

B | gnin (o) - f(0)] < 22 (2 log(T + 1),

o<t<T

Proof. Lemma 6.4.2 gives

T - T
E [Ofgngf(xt) (33*)] < (; ’Yt) LE% VtGts Tt — ] .

Because =, € domh, UMD Lemma (Lemma 2.4.1) bounds the expectation
from the above right-hand side as

T

E <E

<'7tgt7 Tt — 96*>

Dp(+, o3 yo) + 72”%%” ]
t=0

ZﬁE gt M]

Dh(x*,IE(), ?/0 +7E

0.2
< Dp(24, x05 Yo) + oK

2
’th

=
MH

t=0

which proves (i). (ii) and (iii) follow. O



Chapter 7

AdaGrad

We present in this chapter two instances of the AdaGrad family of algo-
rithms. It is one of the most important innovations in the topic of regret
minimization because of the adaptive property of its regret bounds and be-
cause it has led to great success in practice in optimization and deep learning
through its many variants, such as RMSprop, Adam, etc.

Let X be a nonempty closed convex subset of R

7.1 Definitions

Let (us)¢=0 be a sequence in R, zq € X and v > 0.

Definition 7.1.1. The associated sequence of AdaGrad-Norm iterates on
X is given by

v
Tip1 =y | 2 + QUt) , t=20,
( ZZ:O [Jusll2

with convention 0/0 = 0.
Definition 7.1.2. Let € > 0. The associated sequence (z¢)i0 of AdaGrad-

Diagonal iterates on X is defined for each t > 0 as

r / Y
Typr = | Ty +

n 5 Ut g )
ety 2is=0 s 1<i<d

Tyl = arzgergin Hx - xQHHAt ,

where

81
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7.2 Regret bounds

Lemma 7.2.1. Let (a;)¢>0 be a nonnegative sequence. Then for all T > 0,

with convention 0/0 = 0.

Proof. For all t > 0, denote b; = Zi:o as. If by = 0 for some t > 0, then
bs = 0 for all s < t and the corresponding terms in the sum are zero because
(at)¢>0 is nonnegative by assumption. Without loss of generality, we assume
ag = by > 0. Then,

ibt—bt_l <ibt_zbt_1 b b
t=0 b t=0 bt t=1 b t=0 bt i=o Vbtt1
T—1 1 ]
=/br + b —
v t=0 t( b v bt“)
_ o +T21 be(v/beet — VB
t=0 \/E\/ bt—‘,—l
T—1
< \/E+ (Vbey1 — \/E) < 2\/@,
t=0
hence the result. O

Lemma 7.2.2. Let wi,...,wqg = 0. Then,

d
Z AV W; = inf
* \d
im1 ve(RY)
[[oll <1

Proof. Let vi,...,v4 > 0 such that Z?:l v; < 1. Then using Jensen’s
inequality for z — 22,

Bz () Efniegn

=1

i=1 \ 2j=1 i=1 =1

Taking the square root gives
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The above inequality is an equality if w; = -+ = wg = 0. Otherwise, let
€ > 0 and consider

. Juite
Y R ——
ijl Jw;+¢€

which are positive and satisfy v; + -+ +vg = 1. Then,

(& 1<i<d,

d d d
Ws; W;
— = — e+ wj,
which converges to Zf-l:l Jw; as € — 0T, hence the result. 0

Proposition 7.2.3 (Regret bound for AdaGrad-Norm). Let (ut)t=0 be a
sequence in R, xg € X, e,7 > 0 and (x¢)i=0 the associated sequence of
AdaGrad-Norm iterates on X.

(i) Let x € X and T > 0.

d max |2 — )2 d
0<t<T || Tt —
> < ) 3t
t=0

=0 2y

(i) If R > maxoci<r |20 — |5 then v = R/\/2 yields

T

Z(ut,x—xt> <R

t=0

T

2
2 lluell>.
t=0

Proof. If uy = 0 for all t > 0, the result holds. Otherwise, consider

T=min{t >0, u # 0}.

Let (74)¢t=0 be a positive and nonincreasing sequence defined as

_T
) el
V=) L ift>T.

t 2
>e=o llusll2

Then, (xt)¢>0 is a sequence of online gradient descent iterates on X with
step-sizes (7¢)¢>0, because for 0 <t < 7 — 1, u; = 0 and thus,

ift<r

i1 = Uy (20) = Uy (20 + vewe)
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and for t > 7

ey =y [ @ + 4”1& =Ilx (fUt + Vtut) :

2
Zizo HuSHQ

Then the regret bound for OGD with time-dependent step-sizes from Corol-
lary 3.3.16 gives

T max ||z — x5 T 2

0<t<T Ve ||utH2
E ut, T — art 5 + E R
=0 T =0

max ||£L’t—.1‘||2 T

o<t<T Y ||Ut||§
= Z Juell3 + Z ——

2
! o el
max |z — z||3 4
N e e Rl DI
2y t=0
using Lemma 7.2.1. Hence the result. O

Remark 7.2.4.

Proposition 7.2.5 (Regret bound for AdaGrad-Diagonal). Let (u¢)i>0 be
a sequence in RY, o € X, e,7 > 0 and (x4)10 the associated sequence of
AdaGrad-Diagonal iterates on X .

(i) Then for allz € X and T >0

T 2 2
€ 9, [ maxo<i<r || — 2]
;mt,x—xt)é%\\m—x\\ﬁ( 2y =ty Z

i=1

(i) In particular, if R > maxoci<r ||zt — 7|, then v = R/\/?2 yields,

T ed d
;ut, R E+Z

(iii) Moreover,

T T
2
Zuii: mf dZHutHdlag(v < dZHUtH?
t=0

ve( R*
||v||1<d
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Proof. Let (A¢)i=0 be the sequence of symmetric positive definite matrices
defined as

Ay =diag | e +

T
2

Z Ui ’

t=0 1<i<d

and (Hy)¢>o the sequence of mirror maps defined as

1 1
Hy(z) = 2 ||$||,24t = 2 (x, Aiz), zeR% t>0.

Then, (x¢)i>0 corresponds to a sequence of online mirror descent iterates
associated with mirror maps (Hy);>o and dual increments (u¢)i>0. Then
Proposition 3.3.13 gives, with notation therein,

T T

T
> (u,x — 24) < Dpy(w,20) — Dpayy, (z,07410)+ > Dy jp+ Y Diy (7.1)
t=0 t=0 t=0

where for t > 0,

Dtﬁl/Q = DHt+1_Ht (a;, xt—f-l) = DHt+1 (xw%'t-i-l) - DHt (wit-‘rl)v (7'2)

and since H; is 1/v-strongly convex for [ - || 5, by Corollary 1.6.9,
Df = Dpgs (VHy(we) + we, VHy(21)) < % el -

Summing DtAﬂ /2 and using using the expression of the associated Bregman
divergence from Example 1.5.7 gives

T

T
Z DtA+1/2 = Z (DHt+1 (z,7¢41) — D, (z, $t+1))
=0

=0 (7.3)

T
= DHT+1 (xa xT-‘rl) - DHT (1'7 xT-H) + Z DHt_Ht—l(x7 xt)
t=1
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and the above last sum is bounded as

T 1 Z
2
Z‘DHt*Ht—l (, 2¢) = 9y Z |z — CUt”At A1
Y
t=1 t=1
1 T d
= 2722 xtz (Atzz Ao 122)
t=1 i=1
max ||z — z4]|%,
< OSIST
2y
max ||z — z]|%
_0<I<T
2y
max ||z — xt||
_0<I<T
2y
max ||z — x|
_O<U<T
2y
max ||z — x|
_OH<T o0 |u
0,2
27 =1
(7.4)
Besides,
1 1<
Dy (z,x0) = > 2 — 2ol = > > (@i — 04)* (e + luogl)
i=1
9 (7.5)
max |z — a¢||5, d
< oo lla = wolly + ==
2y 2 2y P
Finally, summing lN?;“ gives
T y T 5 T d w2
= 2 2%
doDp< gy Ml =530 ;
=0 t=0 =0 i=1 € + 1/ D U2,
7.6
T 2 d ( )

<

o2

Uy -
j :j : t,1 j : 2 :
g ’7 utia
- t 2 ; ’
t=0 i=1 \/25:0 Ug i i=1 =

where we used Lemma 7.2.1 for the last inequality.
Then combining (7.1), (7.2), (7.3), (7.4), (7.5) and (7.6) gives (i), and
(ii) follows. Using Lemma 7.2.2 gives (iii). O
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7.3 Application to nonsmooth convex optimiza-
tion

Let f: R* = R be a convex function that admits a minimizer X, in other
words, there exists z, € X such that

zekX

The following result demonstrates that AdaGrad-Norm is adaptive to the
Lipschitz continuity of the objective function, meaning that it guarantees a
convergence bound of order L/v/T without prior knowledge of the Lipschitz
coefficient L.

Proposition 7.3.1 (AdaGrad-Norm for nonsmooth convex optimization).
Assume that f is L-Lipschitz for || -||,. Let R,y >0, o € X and

Y
1 = Uy | 2 — t29t> , 20,
( 2= gl

where g € Of () for all t > 0.

(i) Then for all T > 0,

0<t<T 27 VT +1

min f(xt) - f(l'*) < (

maxo<t<T || Tt —ng +7> L

(i) If R > maxoci<r |2t — x|y, then v = R/\/2 yields

[ 2
1 — < [
nglgn f(xt) f(:L‘*) < RL 1

Proof. Combining the general regret bound for AdaGrad-Norm (Proposi-
tion 7.2.3) and Lemma 6.1.1 gives

T
_ 1 maxo<i<T || Tt — 93”% 9

_ < == .
Ogltngf(xt) f(z,) < T+1 ( 2 + ;:0 llgel5

The Lipschitz continuity of f gives ||g:||, < L for all t > 0. The result
follows. o

The following result demonstrates that, in the context of stochastic con-
vex optimization, AdaGrad-Norm is adaptive to the second-order moment
of the gradient estimators: if the latter are bounded by o2, it achieves a
convergence bound of order o/ VT without prior knowledge of o.
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Proposition 7.3.2 (AdaGrad-Norm for stochastic nonsmooth convex opti-
mization). Let R,0 >0, g € X and

R

; 29t
V2250 l9sll3

where for each t > 0, almost-surely,

Tip1 =y [ 24 —

Elgs|z¢] € Of (1), E [Hgtllg ’ iUt} < 027 and ||z — iB*Hz <R

Then, for all T > 0,

B | uin f(a) — F()| < Roy/ 2

Proof. Combining the general regret bound for AdaGrad-Norm (Proposi-
tion 7.2.3) and Lemma 6.4.2 gives

E [mm Flar) f@:*)] <

0<t<T

T

2

2> llgellz
t=0

Then using Jensen’s inequality with the concavity of the square root,

T
E | llollz

|
t=0
2ZE [EAEEY

F

hence the result. O

T
2
E |42 llaillz| <
t=0

7.4 Application to smooth convex optimization

Let f : R — R be a convex function that is L-smooth for | -||, and that
admits a global minimizer x,:

f(z.) = min f(z).

z€R4

Lemma 7.4.1. For all x € R?,

IVf(@)ll; < 2L (f(z) = f(2)).
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Proof. Let ' € R?. The definition of smoothness gives

/ L /
1) = f(@) = (Vf(@),a' —2) < 5 ||’ = a5

For ' = 2 — £V f(z), the above simplifies into

, 1
Fla) ~ @) + 5= IVF@)2.
The result follows because f(z.) < f(2'). O

The following statement proves that AdaGrad-Norm is adaptive to the
smoothness of the objective function: it achieves a L/T convergence bound
without prior knowledge of the smootness coefficient L.

Proposition 7.4.2 (AdaGrad-Norm for smooth convex optimization). As-
sume x, € X. Let v >0, xg € X and

_ . Y
T4 = Iy (wt ZZZO va(xs)@Vf(a:t)) , t>=0.

(i) Let T > 0. Then,

max |lx; — xH2
2L
min f(z) — f(z.) < | =5F T

0<t<T 2y

(i) Let R > maxoci<r |7t — 24|y, then v = R//2 yields,

AR?L
< .

Proof. Using general regret bound for AdaGrad-Norm (Proposition 7.2.3)
and the convexity of f,

T T
Z(f(xt) Z V@), v — x4)

t=0 t=0
B 4
X 2
< > + | A DIV @)l
ez o — !
<| =7 + | 4|20 D (fwe) — fla),
t=0
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where we used Lemma 7.4.1 for the last inequality. Dividing by \/ ZtT:O( fxy) — f(zy))
and taking the square gives

T max ||z — |3

Z (f(xt) — f((p*)) < 0<t<T

t=0

2L.
2y 7

The above left-hand side is bounded from below as

:0 (f(ze) = flas)) 2 i; <01<nti<an(mt) — f(x*)> >T <Og?Tf($t) _ f(x*)> ’

hence the result. O



Chapter 8

Monotone operators and
fixed point iterations

This chapter gives a quick preview of monotone operators, fixed point iter-
ations, and their relation to regret minimization. Monotone operators are a
generalization of the gradient of a convex function, and allow to deal with
various problems such as convex-concave saddle-points, convex games, finite
two-player zero-sum games, etc.

Monotone operators can be defined with set-valued mappings, to general-
ize subdifferentials, but we restrict to single-valued mappings for simplicity.

Let X ¢ R¢ be nonempty closed and convex. I denotes the identity map
on a set which will be clear from the context.

8.1 Monotone operators

Recall the minimization of a differentiable convex function f : R? — R. A
global solution corresponds to a zero of the gradient: the corresponding no-
tion below is the zero of the monotone operator. Regarding the constrained
problem on X, according to Proposition 1.2.10, the minimizer x, of f on X
is characterized by the following variational inequality:

Vee X, (Vf(z),z—x) >0,

which below is extended to the notion of strong solution on X of a monotone
operator.

Definition 8.1.1. Let G : X — R?% and z, € X.

(i) G is a monotone operator if:

Vo' € X, (G(2') — G(z),2' —z) > 0.
(ii) x4 is a zero of G if G(x,) = 0.

91
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(iii) xy is a strong solution of G on X if

Ve e X, (G(zy),x. —x) <O0.

(iv) z. is a weak solution of G on X if

Vee X, (G(x),z.—x) <0.

Remark 8.1.2. An advantage of the concept of weak solution is that such a
solution always exist as soon as X’ is compact.

Remark 8.1.3. If x, is either a weak or a strong solution and belongs to the
interior of X, then it is a zero of the operator.

The following proposition proves that in the case of a continuous mono-
tone operator, both above solution concepts are equivalent.

Proposition 8.1.4. Let G : X — R? o monotone operator and =, € X.

(i) If x. is a strong solution of G on X, then it is a weak solution of G
on X.

(ii) If x4 is a weak solution of G on X and G is continuous, then it is a
strong solution of G on X.

Proof. (i) If z, is a strong solution, for all z € X,
(G(x),zx — ) < (G(m4), 2. —x) <0,

where the first inequality holds by monotonicity of G.

(ii) Now assume that z, is a weak solution and that G is continuous.
Let us prove that z, is a strong solution. Let € X and for all A € (0,1)
consider z) = (1 — )z + Az, which belongs to X by convexity of the latter.
Then because x, is a weak solution,

(G(z)), 3 —2)) <O,
where x, — x) rewrites as A(xx — x). Then, dividing by A gives
(G(x)),xe —x) < 0.
Taking the limit as A — 0T gives, by continuity of G,
(G(xy),xe —x) < 0.
T4 is thus a strong solution. O

Proposition 8.1.5. Let f : R — R be a differentiable convex function.
Then, Vf : R* = R? s a monotone operator.
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Proof. Let z, 2’ € RY. By convexity,
f@) = f() +(Vf(2),2" - z)
f@) > f@) + (V@) — ).
Summing the above two inequalities gives
(Vf(@") = Vf(x),s" —z)>0,
hence the result. O
Definition 8.1.6. Let m,n > 1 be integers, g : R x R - R, A C R™

and B C R™ nonempty sets. A couple (a4, bs) € A x B is a saddle-point of
gon A x B if

ax € Argming(a,b,) and b, € Argmax g(ax,b).
acA beB

If moreover A = R™ and B = R™, the saddle-point is said to be global.
Proposition 8.1.7. Let m,n > 1 be integer, g : R™ x R™ — R such that
o forallb e R", g(-,b) is conver and differentiable (denote Vag(-,b)
its gradient);
o foralla e R™, g(a, -) is concave and differentiable (denote Vig(a, -)
its gradient).
Let G : R™ x R" — R™ x R" be defined as
G(a,b) = (Vag(a,b),—Vpg(a,b)), a€R™, beR",
and A CR™ and B C R"™ be nonempty closed convex sets.
(i) G is a monotone operator.

(ii) (a,b) € A x B is a saddle-point of g on A x B if, and only if it is a
strong solution of G on A x B.
(iii) (a,b) € R™ x R™ is a global saddle-point of g if, and only if, it is a
zero of G.
Example 8.1.8 (KKT operator). Let p > 1 be an integer, f : R? —

R a differentiable convex function, A € RP*? and b € RP. Consider the
constrained optimization problem

minimize f(x)
subject to Az =b.
Solving the above is equivalent to finding a saddle-point of the Lagrangian

L(z,w) = f(z) + w'(Az — b), which in turn is equivalent to finding a zero
of the associated KKT operator:

prm = (71347
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Proposition 8.1.9. The Fuclidean projection on a nonempty closed convex
subset of R® is a monotone operator.

8.2 Bounded monotone operators

We consider bounded monotone operators, which is the natural extension
of Lipschitz convex optimization. The simplest algorithm for this problem
is the obvious extension of projected gradient descent, which is called the
(projected) forward step algorithm:

ziy1 =y (2 — nG (), t=0.

For a class of UMD-based iterates that contains the above, Proposition 8.2.3
guarantees that an approximate weak solution can be obtained at speed
1/VT. Then, in the special case of AdaGrad-Norm step-sizes, Proposi-
tion 7.2.5 provides a guarantee that is adaptive to the bound on the opera-
tor.

Let G : X — R¢ be a monotone operator.

Example 8.2.1 (Finite two-player zero-sum games). Let m,n > 1 be inte-
gers, and A € R™*™, The solutions of the corresponding two-player zero-
sum games are the solutions of the following constrained saddle-point prob-
lem:

max min (a, Ab) .

a€EAm bEA,
The corresponding monotone operator G(a,b) = (—Ab, A'a) is bounded on
A, X A,

The following gives a connection between the search for an approximate
weak solution and regret minimization.

Lemma 8.2.2. Let (x¢)>0 be a sequence in X, (V)i>0 a positive sequence,
T>0, and
T
() _ 20 VTt
Ty =T
D otmo Nt
Then for all x € X,

_1T

T
<G(x),;1‘:(T”) _ x> < (Z %> Z (MG (xy), 2 — ) .
t=0

t=0

Proof. For all t > 0, the monotonicity of G gives
Y A(G(2), 20 — ) < e (G(2t), 710 — ) -

Summing and dividing by ZZ;O ~¢ gives the result. O
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Proposition 8.2.3 (Strict UMD iterates with time-dependent step-sizes
and non-uniform averaging for variational inequalities with bounded mono-
tone operators). Let ||-|| be a norm on RY, K, R > 0, and h a reqularizer
on X. We assume that

o (x4, y1)1=0 is a sequence of strict UMD iterates associated with reqular-
izer h and dual increments (—y:G(xt))e>0,

o h is K-strongly convex for || - ||,

o forallze X, ||G(z)|, <L.
-1
(i) Let T >0, x € domh and :E;Y) = (ZtT:O ’yt) ZtT:O ~vexy. Then,

2 T
T, 70, Yo) + e Dop_o 7
a .
Zt:() Yt

(ii) Let v > 0. If vy = yW2K/(L\/t + 1) for allt > 0, then

<G(x),56§:y) - x> < zi{T <D"(x’;ﬂ°; o) + (1 + log(T + 1))> .

D
Vo € domh, <G($),§7(TV) - a?> < it

(iii) If Dp(z,x0; yo) < R?, then v = R yields,

<G($),i$’) —ac> < \/%

(2+1log(T+1)).

Proof. Use above Lemma 8.2.2 and perform a similar analysis as for Lips-
chitz convex optimization (Proposition 6.1.2). O

From the above general statement, we can of course derive corollaries for
OMD and DA. Analogously to Proposition 6.1.6, DA with time-dependent
parameters can be used instead to shave off the logT" factor.

Proposition 8.2.4 (AdaGrad-Norm for bounded monotone operators). As-
sume that G is bounded by L with respect to || -||,. Let xg € X, v >0,

Ti41 = HX Tt — 7 G((I?t) N t> 0.

Vo llG() 2
(i) Let T >0 and x € X. Then,

B maxg<i<r || — Tt L
G — )< SIS \
(G2), 27 "”>\< 27 YN T

1 T
where T = 775 Y to Tt
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(i) Let R > maxoci<r |7t — x|y, then v = R/\/2 yields

2

Proof. Combine above Lemma 8.2.2 with the regret bound for AdaGrad-
Norm (Proposition 7.2.3). O

8.3 Lipschitz continuous monotone operators

We now consider Lipschitz continuous monotone operators, for which ap-
proximate weak solutions can be obtained at rate 1/7 instead of 1/v/T. An
important special case discussed below is two-player zero-sum games. The
simplest method with such a guarantee is the extragradient algorithm which
writes

wy = Hx (21 — 7vG(21)),
i1 = My (e —yG(wy)), t=0,

where v > 0 is a step-size. We present and analyze below a very general a
class of UMD-based iterates that extends extragradient.

Example 8.3.1 (Finite two-player zero-sum games). Let m,n > 1 be
integers, and A € R"™*™. Corresponding monotone operator G(a,b) =
(—Ab, A'a) is Lipschitz continuous on A, x A,,.

Let G : X — R% be a monotone operator.

Definition 8.3.2. Let h a regularizer on & and v > 0. A sequence
(24, W, Yty 2t) )i=0 in (R? is a sequence of UMP iterates associated with
regularizer h, operator G and step-size 7y if ((z¢, y¢))i>0 is & sequence of strict
UMD iterates associated with regularizer h and dual iterates (—yG(wt))e=0
and for ¢ > 0,

(i) z € Oh(xy),
(ii) Ve e X, (2t —yr,x —x¢) = 0,
(iii) wy = Vh*(zr — vG(xy)),

Proposition 8.3.3 (UMP iterates for variational inequalities with Lipschitz
continuous monotone operator). Let K,L > 0, ||-|| be a norm on RY, h a
reqularizer on X, ((xt,yt, wt, 2¢t))t=0 a sequence of UMP iterates associated
with regularizer h, operator G and step-size K /L. We assume that

o h is K-strongly convex for || -||,
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e G:X — R4 is L-Lipschitz continuous for the following norms:

IGE") - @), <

v, 2 € X.

Then for all T >0

L - Dy(z,20; %o)

or — ) <
Vo € domh, (G(z),wr —z) < KT+1)

- 1 T
where Wr = 77 Y i Wi-

Proof. Let x € domh and T > 0. Lemma 8.2.2 gives:

T
K(T+1) K
T< (z)|wr — z) < ;L (wy)|wy — x)
K
= Z ( G(wi)|ze+1 — o) + T (G (w)|we — $t+1>)
< D wm,w—% —Da(@es w0 + o (Glwg)wy — we) )
L

where the second inequality comes from applying Lemma 2.4.1 (because
(¢, y¢)e>1 is a sequence of strict UMD iterates). We bound the above last
two terms as follows. Let ¢ > 0 and denote §; the content of the above last
sum and let us bound it as follows.

ot = —Dn(@t41, 245 Yt) — % (G(we)|zes1 — wr)
= —h(zea) + Al + (e — 2 + 7 (e — Clw)ers — w)
— T (Gl — we).
(8.1)
Condition (ii) from the Definition 8.3.2:
Wilzirr — o) < (ze|mip1 — 24) - (8.2)

Besides, using basic inequality (y|z) < 1 ||yl + & ||z]|%, we can write:

K K/L)? K
% (@) — Gz —w) < B 6 — Gl + 5 o - w?
K/L)?L? K
<(;§M—WW+2MM—WF,

(8.3)
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where we used the Lipschitz continuity of operator G. Injecting (8.2) and
(8.3) into (8.1) and simplifying gives
Ti41 — wt>

K K
+5 Jwp — || + 5 |z —wel*. (8.4)

K
5, < —h(zesr) + hen) + (zolwy — 21) + <zt e

First, we have z; € Oh(x;) by condition (i) and D, (wy, xy; z) is well-defined.
Besides, thanks to Proposition 1.4.6, condition (iii) is equivalent to z; —
EG(z)) € Oh(wy), and Dy (zi41, wi; 2 — £ G(2y)) is thus well-defined. We
can make those two generalized Bregman divergences appear in the above
right-hand side, which is consequently equal to:

K K
0t < 5 Jw — x¢||* = Dp(we, w45 2¢) + 0l [E—A

K
— Dy, <$t+1,wt; zt — LG(l“t)> :
Using the K-strong convexity of h (Proposition 1.6.4), the above simplifies
to 6; < 0. The result follows. O

The above general statement contains as special cases the following well-
known algorithms.

Corollary 8.3.4 (Mirror-Prox). Let K,L >0, ||-|| be a norm on RY, H a
mirror map compatible with X, xo € X Nintdom H and fort > 0,

wy = arg max { <VH(xt) - %G(:pt), x> - H(a:)}

TeEX

Tp41 = arg max { <VH(xt) - %G(wt), 33> - H(w)} .

TeX

Assume that
o H is K-strongly convezx for |||,

e G:X — R4 s L-Lipschitz continuous for the following norms:

l6@) - 6@, <l —af, w2 ex.
Then for all T > 0,
) L - Dy(x,x0)
_ < — =
Ve e X Ndom H, (G(z),wr —x) < K(T+1) "’

T | T
where Wr = 777 Yt Wt-
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Corollary 8.3.5 (Extragradient). Let L > 0, z9 € X and fort >0,
I LG
wy = - =
t x| Tt I Tt
1
Tt41 = HX <ZL‘t — LG(wt)> .

Assume that G is L-Lipschitz continuous for || -||y. Then, for all T >0,

_ L ||z — oll3
Ve e X G )< ————
T € A, < (.’E),’LUT CL') 2(T+ 1)
- 1 T
where Wr = 777 > g Wt
Proof. Apply Corollary 8.3.4 with the Euclidean mirror map. O

Corollary 8.3.6 (Dual extrapolation). Under the assumptions of Corol-
lary 8.5.4, let h=H + Iy, and fort > 0,

K t—1
z; = Vh* <y0 -7 gG(ws)> ;
w, = arg max{<VH(:ct) _ I;G(xt),a;> _ H(m)} .

zeX
Then for all T > 0,

L - Dy(x,20; yo)
K(T+1)

Ve € domh, (G(z),wr—z) <
1 T
where Wr = 777 Yot Wt-

8.4 Co-coercive operators and fixed point itera-
tions

We now consider co-coercivity, which is a stronger notion than monotonicity.
We establish the equivalence between being a zero of a co-coercive operator
and being a fixed point of a corresponding nonezpansive map (meaning 1-
Lipschitz continuous for the Euclidean norm). This subtopic is particularly
important as it covers the construction and analysis of many optimization al-
gorithms, such as the proximal gradient descent, ADMM, Douglas-Rachford
splitting, Chambolle-Pock, and many more.

We present in Lemma 8.4.8 a connection between the search for an ap-
proximate solution of a co-coercive operator and regret minimization. We
use this connection to recover in Proposition 8.4.9 the classical guarantee
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for the Krasnoselskii-Mann method, which is the workhorse fixed point it-
eration for nonexpansive maps. We further utilize this connection to define
an AdaGrad-Norm-based method for fixed points which comes in Proposi-
tion 8.4.10 with an adaptive guarantee.

Definition 8.4.1. Let L > 0. A map G : X — R? is a L-co-coercive
operator if for all z,2" € X,

(G@) - Clz), 2 —z) > % 6@ — G)|?.

Definition 8.4.2. A map F : X — X is nonexpansive if it is 1-Lipschitz
continuous for || - ||,, in other words

Vo' € X, ||F(2') — F(2), < ||« — 2|,
Definition 8.4.3. Let F': X — X. z, is a fixed point of F' if F(x,) = x,.

Proposition 8.4.4. Let ' : X — X, z, € X and L > 0. The following
statements are equivalent.

(i) x4 is a fized point of F,
(ii) x. is a fived point of TF + (1 — 1)1,
(iii) x is a zero of [ — F.
Proof. Immediate. O

Proposition 8.4.5. Let L > 0. A map G : X — R? is a L-co-coercive
operator if, and only if, I — %G s monexrpansive.

Proof. For G : X — R%, being L-co-coercive can be written, for all z, 2’ € X,
1 2
7 |G(2) — G(2)||; — (G(a") — G(z),2" — x) 0.

Multiplying by 4/L and adding ||z — 2’||3, the above equivalently rewrites:
for all z,2" € X,

L, (S6w) - 26w o) + | ~alf

o

< 1o’ = all5,

which simplifies into

|Ge=r)enr-(Fe-r) ]

in other words, I — %G is nonexpansive. O

2
2

<o~
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Corollary 8.4.6. Let L > 0 and F : X — X. Then, +F + (1 — 1)1 is
nonexpansive if, and only if %(I — F) is L-co-coercive.

Proof. Follows from Proposition 8.4.5. O

Proposition 8.4.7. Let L > 0 and f : R* — R a differentiable convex
function. Then, f is L-smooth if, and only if, V f is a L-co-coercive operator.

Proof. This characterization is part of Proposition 1.6.4. O

The easiest fixed points problems are those with a contraction map
F : X — X (meaning L-Lipschitz continuous for |- ||, with 0 < L < 1).
Banach’s fixed point theorem states that, from any initial point x¢o € X,
iteration x411 = F(z;) ensures geometric convergence to the fixed point,
which is necessarily unique.

When the map is only nonexpansive, the above iteration does not ensure
convergence anymore. This motivates the Krasnoselskii-Mann iteration (see
Proposition 8.4.9 below) which is a damped version: the next iterate x;y;
is obtained by the convex combination of the image F'(x;) with the current
iterate x;. Convergence to a fixed point is then ensured for e.g. constant
coefficients (for the convex combination), but there no more guarantees on
the distance to the fixed point. Instead, a vanishing bound on ||F(x¢) — x|
is obtained, which is a weaker guarantee but somehow still measures how
far z; is from being a fixed point.

Lemma 8.4.8. Let L >0, F : X — X such that +F + (1 — +)I is nonez-
pansive, T, a fized point of F', (x¢)i=0 be a sequence in X, (y¢)i=0 a positive
sequence, and T > 0. Then,

M=

T
Do lF () — w3 <20 (P () = x0), 22 — ) -
t=0

t

I
=)

Proof. For t > 0, because %(I — F) is L-co-coercive by Corollary 8.4.6,

F(zy) —x F(x,) —x
’Yt<F(l"t)—$t,$*—$t>:2%< ( t; L - ( *; *,x*—$t>
< 29 || Flz) —2 Fas) — 2 2
~ L 2 2 )
= JEIF () = il
The result follows by summing the weighted average. O

Proposition 8.4.9 (Krasnosleskii-Mann iterations). Let F' : X — X be a
nonexpansive map, T, a fixed point of F', (V)10 a sequence in (0,1), xg € X
and fort >0,

Te1r = (1= )z + e (20).
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(i) (zt)¢=0 is a sequence of OGD iterates on RY associated with dual in-
crements (v¢(F(x¢) — x¢))t=0-

(ii) LetT > 0. Then,
20 — 2[5

\/ZtT:O Ye(1 — ’Yt)‘

(7ii) In particular, if vy = 1/2 for allt > 0,

| F(xr) — 27|y <

2||zo — 5”*”2

VvVI+1

Proof. For t > 0, the definition of the iterates rewrites

| F(zr) — 27|y <

Tip1 = T + 7 (Fog) — x),

which gives (i).
Combining the regret bound for OGD (Corollary 3.3.16) with Lemma 8.4.8
gives

T

T

2 2 2 2
D lF(@e) = zilly < llwo = @3 = o — 23 + Y7 [1F (@) — a3
t=0 t=0

Cetting rid of term |lz711 — z.||5 and rearranging gives

T

Do =) |F (@) = zell3 < llzo — a3
t=0

The result follows as soon as (||F(x) — x¢]|3)=0 is nonincreasing, which we
now prove. Let ¢t > 0. Note that by definition of the iterates, F'(x¢) — 441 =
(1 —v)(F(xt) — x). Then,

[F(@e41) — ey = [[F(we41) — F(21) + F(21) — 2415
< [F(2e41) = F(@o)lly + [|[F(20) — o415
<werr — @elly + (1 =) [[F(2t) — 2l
=Y F(z1) — elly + (1 =) [|1F(ze) — 2l

where we used the nonexpansiveness of F' for the second inequality. Hence
(ii) and (iii) follows. O

We now transpose the AdaGrad-Norm algorithm to the problem of find-
ing a fixed point of a map F, which may not be nonexpansive, but such
that %F +(1—- %)I is nonexpansive, for some L > 0. The adaptive charac-
ter of AdaGrad allows to be adaptive to such a coefficient L, without prior
knowledge.
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Proposition 8.4.10 (AdaGrad-Norm for fixed points). Let L,R > 0, F :
X — X such that %F + (1 - %)I is nonexrpansive, T, a fized point of F,
xg € X such that F(xg) # xg, v > 0 and fort >0,

;
VI IF (@) — a2

Tyy1 = T + (F(w¢) — x¢).

LetT > 0.
(i) Then,

mmnF@g—xm2<<

,7

2y

3

(i) If R > maxoci<r |7t — Tu|y, then v = R/\/2 yields

) 2v/2RL
min [|F(z,) — 2l < ==
o<t<T A /T

Proof. Combining Lemma 8.4.8 with the regret bound for AdaGrad-Norm
(Proposition 7.2.3) gives

T 2 T
9 maxo<t<T || Tt — T || 9
ZHF(fﬁt)—mtuz S 2L ( 2y 2ty Z”F(xt)_xt”z'
t=0 t=0

Dividing by \/ZtT:o | F () — 2|3 gives

T 2
max Ty — Ty
EHF@Qm@<2L< KKglt ‘b+v)-
t=0

The result follows. O



Chapter 9

Regret learning in games

For d > 1, recall that the simplex in R is defined as

d
Ad:{l‘eRi, Z%ZZI},
i=1
which represents the set of probability distributions over the set {1,...,d}.

9.1 Normal-form games

We quickly recall basic definitions about finite normal-form games.
Definition 9.1.1. A finite (normal-form) game is given by

e a finite number of players N > 1,

e and for each player 1 < k < N,

— a set of S®) of pure strategies,
— a payoff function ¢ : H]\,le SE) LR
The interpretation is the following. Each player 1 < k£ < N chooses
a strategy s*) € S®) independently of the other players, and gets payoff
g® (sM, .. s(N)). Each player aims at maximizing his payoff.
Let such a game be given.

Definition 9.1.2. A N-tuple (s, ..., s("M) e SM x ... x SN is a Nash
equilibrium in pure strategies if for all 1 <k < N,

st € Arg maxg(k)(s(l), s k) gkt s(N)).
5(k)cS(k)

Example 9.1.3 (Penalty game). A goalkeeper (Player 1) plays against the
shooter (Player 2). Each player chooses left or right. The goalkeeper (resp.

104
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the shooter) wins (resp. looses) if their choices match. K =2, S = §®) =

{L,R}, and

1
gD (5D, 5@) = _g@ (50 @y = {

—1 otherwise.

if (O = 52

The game has no Nash equilibrium in pure strategies.

Definition 9.1.4. Let 1 < k < N. A mixed strategy for Player k, is a
probability distribution a¥) € A(S®) over S*), where A(S™) is the unit
simplex in RS™,

Definition 9.1.5. The mized extension of the game from Definition 9.1.1 is
the game with sets of strategies A(S(k)) (1 < k < N) and payoff functions
given for 1 < k < N and ™™ € A(SW), ..., a™) € A(SM) by

N
kl
0¥, )= 3 (H ai@) B (s, s).

sWes® \k'=1

S(N)és(N)
Interpretation of the mixed extension is as follows. Kach player 1 <
k < N independently chooses a mixed action a®) € A(S®) and draws a

pure action s) ~ a®). We then consider the expectation of each payoff
g®(sM s (1 <k <N).

Definition 9.1.6. A N-tuple (aM, ... a™) ¢ A(SM) x --- x A(SIM) is
a Nash equilibrium in mized strategies if for all 1 < k < N,

al) e Argmax gk(a(l), o akh gk gkt a(N)).
aMEA(S™)

Theorem 9.1.7 (Nash, 1951). A finite game admits a Nash equilibrium in
mized strategies.

Example 9.1.8 (Penalty game). In the penalty game, each player choosing
left or right with probability 1/2 is a Nash equilibrium.

9.2 Two-player zero-sum games

Let m,n > 1 be integers. We focus on zero-sum two-player games which
can be represented by a matrix A € R™". Denote S = {1,...,m}
(resp. @) = {1,...,n}) the set of pure strategies of Player 1 (resp. Player
2). When Player 2 and Player 2 choose strategies ¢ € {1,...,m} and j €
{1,...,n} respectively, Player 1 (resp. Player 2) obtains payoff A;; (resp.
—Aj;). For mixed strategies a € A,, and b € Ay, if i ~a and j ~ b,
m n
E [Az]] = Z Z aibinj = <a, Ab> .

i=1 j=1
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Remark 9.2.1. (a., by) € Ay, X A, is a Nash equilibrium in mixed strategies
if, and only if,

a, € Argmax (a, Ab,) and b, € Argmin (a., Ab) .
a€Am, beA,

Definition 9.2.2. The duality gap 04 : Ay, x A, — R4 is defined as
da(a,b) = aI’Ié%}; <a’, Ab> — bpeliAnn <a,Ab/> , a €A, beA,.
Proposition 9.2.3. (a.,bs) € A, X Ay, is a Nash equilibrium of the two-

player zero-sum game associated with A if, and only if, d4(ax,bs) = 0.

Proof. 1t always holds that

Ab,) > (ay, Ab,) > min (a., Ab) .
max {a, Abs) > (a ) 2 min (6., Ab)

Therefore, d4(ax,b,) = 0 if, and only, if the above inequalities are equalities.
The above first inequality being an equality is equivalent to

a, € Argmax (a, Ab,) ,
aEAm

and similarly the second inequality being an equality is equivalent to

by € Argmin (a,, Ab) .
beA,

Hence the result. O

Remark 9.2.4. The duality gap is easy to compute, as it rewrites

da(a,b) = max (Ab); — min (A'a);, a€ A, bEA,.

It is therefore the quantity of choice to measure how far a couple (a,b) is
from being a Nash equilibrium.

Theorem 9.2.5 (Von Neumann’s minimax theorem). There exists a Nash
equilibrium (a., by) € Ay, X Ay, of the two-player zero-sum game associated

with A and

(ax, Aby) = max min (a, Ab) = min max (a, Ab).
a€lAm bEA, beEA, a€Am,

There are several proofs of von Neumann’s theorem. In the next section,
we give one based on regret minimization.
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9.3 Regret learning

The following statement demonstrates that the duality gap can be minimized
if the game is played repeatedly, with each player minimizing its regret.

Lemma 9.3.1. Let T > 0, ag,...,ar € Ay, by,....br € A,, ar =
%ﬂ Ztho at and by = ﬁZfzo bi. Then,

T T
or (dT,BT) = Tj— 1 (max (Aby, a — a) + max <—ATat, b— bt>> .

aclA, =0 beA, —o
Proof.
. 1 & 1 &
o o) = s (1 (5 30 ) ) - i (2 D)
1 T T
- Aby) — <—AT >
i (e - e ()
1 T T T
_ . T
=77 <£2};{1 ; (a, Aby) tz_; (ag, Aby) + ; <A at,bt>
T
AT, ,b> ,
‘f‘(?elg}i tZ:; < ag
hence the result. O

The following proposition uses the exponential weights algorithm to min-
imize each of the two regrets appearing the the above lemma. The guarantee
on the duality gap is then an immediate adaptation from the regret bound
for the exponential weights algorithm (Proposition 3.4.4).

Proposition 9.3.2 (Exponential weights for two-player zero-sum games).
Fort >0, let

t—1 t—1
Yo =t Z Abs, 2= 1) Z Alag,
s=0 s=0

where
v2logm , v2logn
"= T — W= 10 —
Al VE+1 LAl VEFT
and

oy — exp (ye,:) by — exp (2t,5)
- ) - )
iy exp (yr) I<i<m Z;‘L’:l exp (2t,57) 1<j<n

ForT >0, let ar = T%rl Z;‘F:o a; and bp = T%rl ZtT:o bs. Then,

7 2
04 (C_LTvbT) < Al (\/logm+ \/logn) \/:
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Proof. For all t > 0, [[Ab < [[All Ibell; = ||All because by € A,.

Similarly, ATatHoo < ||All- Therefore, similarly to Proposition 3.4.4, we
obtain regret bounds
T
max 3™ (A0 — a) < Al v/2(logm)(T + 1)
TSm0
T
max <—ATat, b bt> <Al v2(0gn)(T + 1).
€A,
t=0
Summing and applying Lemma 9.3.1 gives the result. O

We can use the above result to now prove von Neumann’s minmax the-
orem.

Proof of Theorem 9.2.5. Let us first prove that d 4 is continuous on A,, X A,,.

(a,b) — max <a',Ab> = max <ATa/,b>,
a'€An, a'€Ay,
is defined on R™ x R™ and is convex as the point-wise maximum of linear
functions. It is therefore continuous. Similarly, (a,b) — maxpen, (a, AV') is
continuous. Hence, d4 is continuous.

Forall T > 0, let ar € A, and by € A, from Proposition 9.3.2. Because
they belong to simplexes which are compact sets, there exists subsequences
so that they converge to a. € A,, and b, € A, respectively. Because
the bound from Proposition 9.3.2 is vanishing as T — oo, by continuity
of 64, da(as,by) = 0, in other words, (a.,bs) is a Nash equilibrium by
Proposition 9.2.3.

Moreover, for all (a,b) € A, x A, in addition to

/ 3 /
apéég}fn <a ,Ab> > (a, Ab) > bpelgln <a, Ab > )

it is elementary to prove that

max <a',Ab> > min max <a',Ab’> > max min <a’,Ab'> > min <a,Ab'>.
a’ VeA, deAm a' €Ay VEA, bVeA,

For a = a, anb b = b, in particular, because 04(ax,b,) = 0, the left-most

and right-most quantities of both above displays are equal. Therefore, all

inequalities are equalities and

(ax,Ab,) = min max (a’,Ab') = max min (d’, Ab).
beAn a'€EAm a’€EAm b EA,



Regret learning 109

Proposition 9.3.3 (RM for two-player zero-sum games). Let ag € A, and
bop € A,,. Fort >0, let

t—1
Tt iy = Y (Aby — (s, Ab) 1) | #0

ar = ’ s=0 +

[ a0 otherwise,

( w t—1

LY g = (as,Ab IL—ATaS> £0

bt = Hwtr"Hl $s=0 +

\ bo otherwise.

Forall T >0, let ar = T%rl Zf:o a; and by = T%rl ZtT:() bi. Then,

_ vVm++/n
o y b < Amax - Amin e

Proof. The general regret bound for RM from Proposition 5.5.3 gives

T
— < — 2
;22); ; <Abt, a at> X Z ||Abt <at, Abt> 1”2
T T
—ATa, b— > < A — AT
bfgg}; t0< as, b — by 2% ag, Abg) 1 at||2

For all ¢ > 0, because a; € A,, and b; € A,

m

1Abs — (az, Abe) 1[5 = > ((Abe)s — (s, Aby))?
i=1
< Z (Amax - Amin)2
i=1
=m (Amax - Amin)2 ,
and similarly
T 7 2
H(ata Abt) 1-A atH2 <n (Amax - Amin) .
The result then follows by applying Lemma 9.3.1. O

Proposition 9.3.4 (RM+ for two-player zero-sum games). Let ag € Ay,
bo € Ay, g =0, wy=0. Fort >0, let

a; = el by = [Jwelly
agp otherwise, bo otherwise.
Tt4+1 = (Q?t + Abt — (at, Abt> :[].)+ W41 = (wt + <CLt, Abt> 1- ATCLt)+.
Then, the same guarantee as for RM (Proposition 9.5.3) holds.

Wt
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Proof. Identical to Proposition 9.3.3. O

9.4 Optimistic regret learning

Section 8.3 provided an approach for solving a class of problems containing
two-player zero-sum games with fast convergence rate 1/7". We here provide
an alternative approach to obtain such a rate.

Informally, an optimistic variant of a regret minimization algorithm uses
the last observed vector twice, the second time as a guess for the next
vector. For instance, an optimistic exponential weights algorithm against
(ut)i=0 would write

exp (77 Zi;%) Ug; + ut—l,z’)

Tt = d —1
Zile exp (77 Zs:o Ug i + Ut—1,z‘/>

1<i<d

Lemma 9.4.1 (Optimistic UMD). Let || - || be a norm on R?, K >0, X be a
nonempty closed conver set, h a reqularizer on X which is K -strongly conver
for || -], (ug)i=0 a sequence in R, and ((x¢,y:))i=0 be a sequence of strict
UMD iterates associated with reqularizer h and dual iterates (2up — ug—1)i=0
(with convention u_1 =0). Then for all T >0, a > 0, and x € dom h,

T
« 1
S (uz — w1) < Dala 203 yo) + 5 llo = arll? + o [luol
t=0 @
T-1 T—1
]. 2 « K 2
+ % Z g1 — wells + <2 - 2) Z o1 — el
t= t=0
Proof.
T T-1
(ug, ® — x¢) = (up, x — o) + (W1 — 2ug + Up—1, T — Ty41)
t=0 t=0
_— (9.1)
+ Z (Qug —up—1,x — x4-1) .
t=0

The above last sum can be bounded from above using Lemma 2.4.1 and the
strong convexity of h:

S

T-1
(2ur — w1, @ — x441) < Dp(, 03 Y0) — Y Dul@rs1, 265 vi)
=0
T-1
< Dp(z,z0; yo) — 5 tz; [ERE A

-+
Il
=)

(9.2)
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The other sum is bounded as follows.

-1 T-1
(U1 — 2ug + U1, T — Tyq1) = (U1 — Ug, T — Tyy1)
t=0 =0
T-1
- <Ut —Ut—1,T — $t+1>
t=0
T—1 T—2
= > (et =g, = wee1) = Y (urer — g, = wee2) — (ug, @ — 1)
t=0 t=0
T—2
= Z (U1 — Upy Tpgo — Tyg1) + (Uup — ur—1, ¢ — x7) — (U0, T — X1)
t=0
T—2

N

o 2 1 2
> (5 besa =l + 5 b~

o

1
t 5o llur —uroa 2+ 5 o = a7 ]* = (o, — ).

(9.3)
Combining (9.1), (9.2) and (9.3) gives
T "
(u, ® — 1) < Dp(, w03 yo) + (uo, 21 — o) + By Z 2142 — zepa||?
t=0 t=0
T-1
K 2 , 2
=5 2l =zl + 5 lz — a2
t=0
=
2
T 5 Z Juepr —welly -
t=0
Regarding the second term in the above upper bound, we write
1 Q
{uo, 21 — z0) < 5~ luol|2 + 3 llzn = wo|*
The result follows. O

Proposition 9.4.2 (Optimistic exponential weights for two-player zero-sum
games). Let n > 0 and fort >0, let

i—1 t—1
Ye =1 (Z Abs + Abtl) ) 2t =N (Z ATG,S + ATat1> R

s=0 s=0

and

a = exp (Yt,:) by = exp (2t,5)
Y e (i) ) Xjeexp (zuy) )
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(1) (ai)i=0 (resp. (bi)i=0) corresponds to the exponential weights algom'thm
associated with dual increments (n(2Ab; — Abs_1))¢=0 (resp. (n(2A7a; —
Ala;_1))e=0) (with convention b_1 =0 and a_1 = 0).

(i) For T > 0, let ar = T+1 Zt oat and by = T%Hzg;obt. Then, if
77—1/(2HAH )

_ 3 2|4, (logm + logn + 2)
< e .
oA (aTvbT) S T+1

Proof. Tt is easy to verify that for all ¢ > 0, y; = nzt_l (2Ab, — Aby—q).
Similarly 2z = —1 Y>'Z4 (24 a; — ATa;—1). Hence (i) holds.
Because yo = 0, if h is the entropic regularizer on A,

Dy (a,ap; yo) = h(a) — h(ag) < logm,

by Proposition 3.4.3. Similarly, if h is the entropic regularizer on A,,, because
20 = 0,
Dy (b, bo; 20) < logn.

Then, because the entropic regularizer is 1-strongly convex for || -||; by
Proposition 2.2.6, applying Lemma 9.4.1 gives regret bounds

T
1
Y {Aba—ar) <logm + - la — arllf + |24k 3,
t=0

T-1 =
+02 ) (| Abiy — Abe|%, - S Z lars1 — a7,
=0

T

1 2

ny <—ATat, b bt> <logn+ - [lb—brlf + H2nATa0HOO
t=0

T-1

2 1 9

+772ZHA Q1 — ATCLtHOO—ZZHbtJ,_l—thI.
t=0

Note that for all ¢ > 0,
2 2 2
[Abr1 — Abello, < [JAl5 b1 — bell7
2
|ATar = AT <A1 o - ally

Besides,
1248012, < 4[| A%, l[boll? = 411 AJ1%,

similarly HQATaOHiO < 4]|A|2, and

2 2
la = ar[ly < (lally + [lazr[l})” = 4,
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and similarly ||b— br|? < 4.
Dividing by 7, summing, an applying Lemma 9.3.1 with oo = 1/2 gives

o= logm + logn + 2
(T+1) 04 (ar, br) < —2 ng +8n 1 A]1%,
1 T—1
# (1412 = 5 ) 3 (o —anl? + s = w).
t=0

Because n = 1/(2||A]|,.), the above last term is zero and the result follows.
0
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